
NON-LINEAR STRUCTURAL ANALYSIS OF SHEAR FLEXIBLE FGM BEAMS

Abstract

Non-linear structural response of Functionally Graded Material (FGM) beams is studied using

the finite element method. The deformations obtained using Euler-Bernoulli beam and Ti-

moshenko beam theories are compared for different length to height ratios, volume fraction

exponents and boundary conditions. The percentage errors in lateral deformations for neglect-

ing the effects of shear flexibility are discussed in detail. Through thickness variation of the

axial stress shows a shift in the neutral axis from the mid-thickness of beam for homogenous

as well as FGM beams and for the boundary conditions considered. The range of volume

fraction exponents for the practical design of FGM beams is suggested to avoid steep stress

gradients.

Keywords: shear flexibility, von-Karman geometric non-linearity, FGM beam, finite element

method, Newton-Raphson method, iterative solution

Nomenclature

b = Width of beam

f(x) = Generalized axial load

h = Thickness of beam

n = Volume fraction exponent

nx = Direction cosine of the unit normal on the

    element boundary I
e

q(x) = Generalized transverse load

u = Deformation along x-axis

w = Deformation along z axis

x = Coordinate along length of beam

z = Coordinate along thickness of the beam

A11 = Extensional stiffness

A55 = Shear stiffness

B11 = Extension-bending coupling stiffness

D11 = Bending stiffness

E = Effective modulus of elasticity of FGM

Em = Modulus of elasticity of metal

Ec = Modulus of elasticity of ceramic

F = Element load vector

G = Shear modulus

K = Element stiffness matrix

Ks = Shear correction factor

L = Length of beam

Mxx = Moment resultant

Nxx = Stress resultant

Qx = Shear stress resultant

R = Residual

T = Tangent stiffness matrix

V = Transverse shear

Vm = Volume fraction of metal
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Vc = Volume fraction of ceramic

εxx = Axial strain

σxx = Axial stress

δu0, δw0 = Virtual displacements

φ = Rotation

δφ = Virtual rotation

γxz = Transverse shear strain

τxz = Transverse shear stress

ψi = Lagrange interpolation functions

Introduction

Japanese scientists proposed the concept of Function-

ally Graded Materials (FGM) as a means of preparing

thermal barrier materials (Koizumi [1]). In FGM, the

micro-structural details of the constituent materials are

continuously varied spatially (Aboudi [2]) to obtain the

desired distribution of properties such as Young’s modu-

lus, thermal conductivity etc. The choice of these constitu-

ent materials is governed by the intended application of

the FGM structure.

Slender FGM beams and columns can be used as

structural members in a variety of structural applications

such as advanced aircraft and aerospace engines, re-entry

vehicles, computer circuit boards, automobile, nuclear

components, steel plants etc. Unlike homogenous struc-

tures, the design of FGM structures is controlled by many

variables. Development and understanding of appropriate

modeling techniques are required to fully utilize their

potential. For the mass sensitive applications as found in

aerospace components, accurate evaluation of deflections

and stresses is very important to realize optimized struc-

tures.

Static analysis of FGM beams has been reported in the

literature, mostly by analytical methods. Sankar [3] pro-

posed an elasticity solution for Euler-Bernoulli type FGM

beams, where an exponential variation of Young’s modu-

lus was assumed through the thickness. Deschilder [4]

presented an analytical model to study the non-linear static

analysis of the FGM beam. In this work, the governing

differential equations were developed and solved for vari-

ous boundary conditions. An analytical solution of a can-

tilever FGM beam was proposed by Zhong [5] in terms of

Airy stress function. Thermal post-buckling analysis of

FGM beams was studied by Thivend [6] wherein a closed

form solution was obtained by solving the governing

differential equations. A beam with simply supported and

axially immovable edges was considered to obtain deflec-

tions from pre-buckling to post-buckling temperatures.

Anandrao [7, 8] studied the pre-buckling and post-buck-

ling response of FGM beams using the non-linear finite

element method as well as the Rayleigh-Ritz method.

They considered FGM beams with axially immovable

ends with simply supported as well as clamped boundary

conditions. A non-linear static analysis of uniform slender

FGM beams was presented by Anandrao [9] using the

finite element method. They established non-linear load-

deformation paths for various boundary conditions. A new

unified approach was presented by Li [10] for studying the

static and dynamic behavior of FGM beams wherein shear

deformation and rotary inertia was included and in which

an arbitrary variation of material properties was consid-

ered through the thickness. Chakraborty [11] developed a

new beam finite element based on first order shear defor-

mation theory to study static, free vibration and wave

propagation analysis of functionally graded material beam

structures. Ying [12] analyzed functionally graded mate-

rial beams resting on a Winkler-Pasternak elastic founda-

tion. They studied the bending and free vibrations of FG

beams based on two dimensional elasticity theory. The

material properties were assumed to vary exponentially

through the thickness. Kapuria [13] used third order zigzag

theory to evaluate the effective modulus of elasticity and

studied the static and free vibration response of layered FG

beams. Kadoli [14] presented the static analysis of FG

beams by using the higher order shear deformation theory

and finite element method. Benatta [15] studied the bend-

ing of symmetric FG beam by including the warping of

the cross section and the shear deformation effect. Sallai

[16] studied the static response of a sigmoid FG thick beam

by using various beam theories.

In this paper, a detailed study of the structural response

of shear flexible homogenous and through-thickness func-

tionally graded uniform beams subjected to a uniformly

distributed lateral load is presented using the finite ele-

ment method, based on Euler-Bernoulli beam and Ti-

moshenko beam theories. The Simply supported and

clamped beams with axially immovable ends are consid-

ered. Geometric non-linearity is considered using von-

Kármán strain-displacement relations, where moderately

large deflections of the order of the characteristic dimen-

sion of the cross section of the beam are allowed. Young’s

modulus is assumed to vary according to a power law

distribution across the thickness. The governing non-lin-

ear equations are obtained using the principle of virtual

work. Newton-Raphson iterative procedure is used to

solve these non-linear equations wherein the load is ap-

plied in increments. The formulation is validated by com-

paring the results with those obtained from the finite
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element software ANSYS [17] for homogenous beams

for the boundary conditions considered. The present work

also discusses about the limits on the choice of volume

fraction exponent in the strength based design of FGM

structures. A detailed study pertaining to the deflection

and stress variation of FGM beams, subjected to transverse

load, which is important in the strength based design of

FGM structures, and the error involved by neglecting the

shear flexibility, is summarized here.

Functionally Graded Material Beam

A through-thickness functionally graded material

beam with ceramic on top face and metal on bottom face

is considered in the present study. The variation of

Young’s modulus and shear modulus across thickness is

governed by a power law distribution, given in Equation

(1), with the thickness co-ordinate varying between -h/2

to h/2. The volume fraction exponent can take any value

between 0 to ∞ where the value of 0 corresponds to pure

ceramic and value tending to ∞ corresponds to pure metal.

The chosen value of n for a typical application will decide

the property variations and response of FGM beam.

E (z)  =  E
c
 V

c
  +  E

m
 (1 − V

c
)

V
c
 = 



0.5 + 

z

h




n
(1)

Finite Element Formulation

Displacement Field - Nodal Displacement Relation

Two separate beam formulations, one neglecting shear

flexibility effects (Euler-Bernoulli) and the other consid-

ering shear flexibility effects (Timoshenko) are devel-

oped. The details of Euler-Bernoulli beam theory are

available from Anandrao [9]. The details of Timoshenko

beam formulation are presented here. A beam element

with two nodes per element and three degrees of freedom

per node is considered. Using Lagrange linear interpola-

tion functions for axial displacement, lateral displacement

and rotation, the degrees of freedom vector for a Ti-

moshenko beam element can be written as

u (x)  =  ψ
1
 u

1
  +   ψ

2
 u

2

w (x)  =  ψ
1
 w

1
  +  ψ

2
 w

2

φ (x)   =  ψ
 1

 φ
1
  +  ψ

2
 φ

2

(2)

Strain-Displacement Relations

By considering von-Kármán type geometric non-

linearity, where moderately large rotations and displace-

ments of the order of characteristic dimension of the cross

section of the beam are considered, the strain-displace-

ment relations can be written as

ε
xx

  =  
du

0

dx
  +  

1

2
 




dw
0

dx





2

  −  z 
dφ

x

dx
(3)

The additional term in the axial strain accounts for the

stretching of mid-plane due to the transverse displace-

ment. The transverse shear strain is given by

γ
xz

  =  φ
x
  +  

dw
0

dx
(4)

Stress-Strain Equation

The axial stress is related to axial strain by equation

σ
xx

  =  E (z) ε
xx

(5)

The transverse shear stress is related to transverse

shear strain by equation

τ
xx

  =  G (z) γ
xz

(6)

Stress and Moment Resultant-Displacement

Relations

The stress resultant and moment resultant in the axial

direction can be expressed as,

N
xx

  =  





du
0

dx
 +  

1

2
  




dw
0

dx





2



  A

11
  +  

dφ
x

dx
 B

11

(7)

M
xx

  =  





du
0

dx
 +  

1

2
  




dw
0

dx





2



  B

11
  +  

dφ
x

dx
 D

11

where

A
11

  =  ∫  
−h⁄2

 h⁄2
 E (z) dz

B
11

  =  ∫  
−h⁄2

 h⁄2
 E (z) zdz (8)

D
11

  =  ∫  
−h⁄2

 h⁄2
 E (z) z

2
 dz
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and shear stress resultant is

Q
x
  =  K

s
 A

55
  




dw
0

dx
 + φ

x





(9)

where shear stiffness is

A
55

  =  ∫  
−h⁄2

 h⁄2
 G (z) dz (10)

Governing Differential Equations

The differential equations governing the bending of

initially straight beams are

− 
dN

xx

dx
  +  f (x)  =  0

− 
dQ

x

dx
  −  

d

dx
  

N

xx
  

dw
0

dx


  −  q (x)  =  0 (11)

− 
dM

xx

dx
  +  Q

x
  =  0

Weak Form

The finite element system of equations to study the

non-linear behavior of FGM beam can be derived by using

principle of virtual work. The weak forms of governing

differential equations can be obtained from Reddy [18, 19]

as given in Eq. (12).

∫  
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where

N
n
  =  N
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 n
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The virtual work statement above contains at the most

only the first derivatives of the dependent variables. They

can all be approximated using Lagrange interpolation

functions as given in Equation (2). Substituting expres-

sions for u, w and φ from Equation (2) in the weak form

and rearranging, the finite element system of equations can

be expressed as,
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For Timoshenko beam elements, when linear interpo-

lation of the lateral deflection and rotation is used, the

elements do not accurately represent the bending behavior

as length to thickness ratio becomes large. For slender

beams, the transverse shear strain is required to vanish and

the beam elements with linear interpolation become ex-

cessively stiff, giving rise to shear locking. In the present

study, the phenomenon of shear locking is alleviated by

evaluating stiffness coefficients associated with transverse

shear deformation using reduced integration and full inte-

gration is used for all other stiffness coefficients. For

example, in [K
44

], the stiffness term containing A55 re-

quires 2-point numerical integration to evaluate the inte-

gral exactly. However, this term is evaluated by using

1-point numerical integration to avoid shear locking.
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Newton-Raphson Solution

The element system of equations from Equation (14)

can be assembled to obtain non-linear finite element sys-

tem of equations of the form

K (U ) U  =  F (15)

Newton-Raphson iterative method is used for solving

non-linear Equation (15). The residual at the end of any

iteration r can be defined as

R  =  KU − F (16)

Load step is given in terms of increment from the

previous converged solution. Using Newton-Raphson al-

gorithm, for the r
th

 iteration,

U
 r + 1

  =  U
 r
 − ( T

 r
)
 −1

 R
 r

(17)

where the tangent stiffness matrix is given by

T
 r

  =  
∂R

 r

∂U
(18)

The iterative procedure is terminated when the Euclid-

ean norm of the residual vectors (L2) is lower than the

specified tolerance ε (1x10
-4

).

√ ∑ 

i = 1

n

 R
i

 2
  ≤  ε (19)

Results and Discussion

A FGM beam with the material properties is given in

Table-1 is considered for this study. A code was developed

in MATLAB based on the above formulation.

A typical FGM beam with a thickness of 3 mm and

varying lengths was considered. The beam was discretized

with 100 equal length elements. A transverse uniformly

distributed load of 200 N/mm was applied in 10 equal sub

steps. A shear correction factor Ks = 5/6 was considered

in this study.

Simply Supported Beam (SS)

Figure 1 shows comparison of normalized lateral de-

formation W
_
  ( = Wmax Em h

3 ⁄ q L4
 ) at the mid length of

the ceramic beam for L/h = 10 with the normalized load

q
_
 ( = q L

4 ⁄ Ec h
4
 ) obtained from linear and non-linear

analysis using Timoshenko beam formulation. The effect

of non-linearity can be clearly observed which justifies the

need for the non-linear analysis when the beam undergoes

large deformations. Further, hardening type of non-linear-

ity is observed as the stiffness of the structure increases

with load.

Table-2 shows a comparison of the normalized maxi-

mum lateral deflection for homogenous beam obtained

from the present formulations and ANSYS with various

L/h ratios. Deflections are obtained without including the

shear flexibility (Euler-Bernoulli beam) and with includ-

ing the shear flexibility (Timoshenko beam). A very good

correlation is observed between the results obtained using

the present formulations and ANSYS.

The study is further extended using the present formu-

lations for the analysis of FGM beam. The lateral defor-

mations obtained for various L/h ratios are summarized in

Table-3a and 3b.

As expected, at lower values of ratio L/h, a large

difference was observed in the central deflection obtained

without considering and with considering shear flexibility.

At higher values of ratio L/h, the effect of shear flexibility

on the deformation of beam is negligible. Table-4 shows

the percentage error in central deflection when the shear

effects are neglected.

For homogenous simply supported beam with axially

immovable ends, shear effects can be neglected after L/h

Table-1 : Material Properties of Ceramic and Metal

Property Ceramic Metal

Young’s Modulus E (MPa) 375000 70000

Poisson’s Ratio v 0.3 0.3

Table-2 : W (x 100) at Mid Length of SS

Homogeneous Beam

L/h n = 0

(Present)

Euler

Ceramic

(ANSYS)

Euler

n = 0

(Present)

Timoshenko

Ceramic

(ANSYS)

Timoshenko

5 2.8931 2.8940 3.1728 3.1777

10 1.6973 1.7022 1.7086 1.7243

20 0.3389 0.3407 0.3390 0.3411

50 0.0301 0.0304 0.0301 0.0304

100 0.0047 0.0048 0.0047 0.0048
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≥ 50. For FGM beams, however, a small difference in

lateral deflection can be observed even at higher values of

L/h ratio. This necessitates consideration of shear flexibil-

ity in the analysis of FGM beam even at higher values of

L/h ratio. Very high values of n (≥ 100) correspond to

homogenous beam (completely metal) and is expected to

show lower errors at L/h ≥ 50 like n = 0.

Figure 2 shows the variation of the normalized maxi-

mum lateral deformation at mid length with the normal-

ized load q for several volume fraction exponents for

L/H=10. As the volume fraction is increased, the lateral

deformation of the beam increases.

Figure 3 shows through the thickness variation of the

normalized axial stress ( σxx h
2 ⁄ L2 q ) at the mid-length

with different volume fraction exponents for L/h = 10. The

Neutral Axis (NA) is not at the mid-thickness for both

homogenous as well as FGM beams and is given in

Table-5. Further, for the homogenous beam (n = 0.0), the

axial stress variation is linear through the thickness. For

FGM beams, however, the axial stress variation is not

linear. For n = 0.5, the maximum tensile stress does not

Table-3a : W (x 100) at Mid Length of SS FGM Beam

L/h n = 0

Euler

n = 0

Timoshenko

n = 0.5

Euler

n = 0.5

Timoshenko

n = 1.0

Euler

n = 1.0

Timoshenko

5 2.8931 3.1728 3.9329 4.2623 4.5280 4.8983

10 1.6973 1.7086 1.8216 1.8335 1.9262 1.9397

20 0.3389 0.3390 0.3636 0.3636 0.3846 0.3848

50 0.0301 0.0301 0.0331 0.0331 0.0353 0.0353

100 0.0047 0.0047 0.0053 0.0053 0.0056 0.0056

Table-3b : W (x 100) at Mid Length of SS FGM Beam

L/h n = 2.0

Euler

n = 2.0

Timoshenko

n = 10.0

Euler

n = 10.0

Timoshenko

n = 100.0

Euler

n = 100.0

Timoshenko

5 5.1944 5.6433 7.3851 8.1319 11.8630 12.7071

10 2.0934 2.1103 2.7196 2.7391 3.4588 3.4638

20 0.4169 0.4173 0.5143 0.5146 0.5911 0.5912

50 0.0384 0.0384 0.0466 0.0466 0.0519 0.0519

100 0.0061 0.0061 0.0074 0.0074 0.0082 0.0082

Table-4 : % Error in Maximum Lateral Deflection for Neglecting Shear Effects (SS Beam)

L/h n = 0

Euler

n = 0.5

Euler

n = 1.0

Euler

n = 2.0

Euler

n = 10.0

Euler

n = 100.0

Euler

5 8.8133 7.7297 7.5607 7.9551 9.1842 6.6428

10 0.6623 0.6490 0.6977 0.8016 0.7113 0.1448

20 0.0301 0.0080 0.0455 0.0909 0.0510 0.0234

50 0.0000 0.0056 0.0264 0.0486 0.0320 0.0036

100 0.0000 0.0062 0.0166 0.0305 0.0205 0.0000
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occur at the bottom surface but slightly inside the thick-

ness. On the other hand, for n ≥ 2.0, a steep gradient in

stress occurs near the top surface. These large variations

in stress can be avoided by limiting the volume fraction

exponent between 0.0 ≥ n ≥ 2.0 in the practical design.

Figure 4 and 5 shows the variation of the normalized

lateral and axial deformation along the length at q = 200

N/mm and L/h = 10 for various volume fraction exponents.

It is observed that as the volume fraction increases, the

deformation of the FGM beam increases.

Clamped Beam (CC)

A similar study is carried out for homogenous and

FGM beams with clamped ends. Fig.6 shows comparison

of W at mid length of ceramic beam for L/h = 20 obtained

from linear and non-linear analysis. Hardening type of

non-linearity is observed for this boundary condition.

Table-6 shows comparison of normalized maximum lat-

eral deflection at mid length. A very good correlation is

observed between the results obtained using present for-

mulations and ANSYS for homogenous beams.

The lateral deformations obtained using the present

formulation for various L/h ratios of FGM beam are sum-

marized in Tables-7a and 7b.

Similar to the beam with simply supported ends, at

lower values of ratio L/h, large difference is observed for

the central deflection obtained without and with consider-

ing the shear flexibility. Table-8 shows the percentage

error in the central lateral deflection when the effects of

the transverse shear are neglected.

The % error in lateral deflection for neglecting shear

effects is found to be much higher for clamped beam as

compared to simply supported beam. Even at higher val-

ues of L/h ratio, shear flexibility has effect on central

deflection.

Figure 7 shows variation of normalized maximum

lateral deformation with normalized load for various vol-

ume fraction exponents for L/h = 20. As the volume

fraction is increased, the lateral deformation of the beam

increases. Fig.8 shows the through thickness variation of

normalized axial stress ( σxx h
2 ⁄ L2 q ) at mid-length with

different volume fraction exponents for L/h = 20. As

observed for the simply supported beam, the neutral axis

is not at the mid-thickness for both the homogenous as

well as FGM beams. The location of neutral axis is given

in Table-9. Further, for the homogenous beam (n = 0.0),

the axial stress variation is linear through the thickness but

for FGM beams, the axial stress variation is not linear.

Figure 9 and 10 shows the variation of the normalized

lateral deformation and the axial deformation along the

length of the beam for q = 200 N/mm and L/h = 20 for

various volume fraction exponents. As the volume frac-

tion increases, the deformation of the FGM beam in-

creases.

Transverse Shear Stress Variation 

Based on the Timoshenko beam theory, the shear strain

variation is constant through the thickness. In the present

study, the differential equation of equilibrium for plane

problems Equation (20) is used to obtain the variation of

transverse shear stress τxz through the thickness.

∂σ
xx

∂x
  +  

∂τ
xz

dz
  =  0 (20)

Table-5 : Depth of Neutral Axis for SS FGM Beam

n = 0 n = 0.5 n = 1.0 n = 2.0 n = 10.0 n = 100.0

Depth of NA (z / h) 0.042215 0.022215 0.00841 -0.00363 0.03855 0.119901

Table-6 : W (x 100) at Mid Length of CC

Homogeneous Beam

L/h n = 0

(Present)

Euler

Ceramic

(ANSYS)

Euler

n = 0

(Present)

Timoshenko

Ceramic

(ANSYS)

Timoshenko

5 0.5833 0.5833 0.8742 0.8744

10 0.5721 0.5723 0.6391 0.6415

20 0.2733 0.2741 0.2769 0.2799

50 0.0290 0.0292 0.0291 0.0294

100 0.0047 0.0047 0.0047 0.0048
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The top face (h/2) and bottom face (-h/2) are free of

shear tractions. By integrating Equation (20), the trans-

verse shear stress at any depth can be obtained.

To validate the transverse shear stresses obtained using

Equation (20), a plane stress analysis was carried out using

the commercial finite element software ANSYS. A

clamped beam with L/h = 10 was modeled using

PLANE42 elements (2 DOF, ux and uy). The ANSYS

idealization of the structure is as shown in Fig.11 where-in

both DOF are set to zero at two ends of the structure. The

number of elements used to idealize the length-wise beam

Table-9 : Depth of Neutral Axis for CC FGM Beam

n = 0 n = 0.5 n = 1.0 n = 2.0 n = 10.0 n = 100.0

Depth of NA (z / h) 0.075554 0.027908 0.00831 -0.00233 0.065954 0.208238

Table-8 : % Error in Maximum Lateral Deflection for Neglecting Shear Effects (CC Beam)

L/h n = 0

Euler

n = 0.5

Euler

n = 1.0

Euler

n = 2.0

Euler

n = 10.0

Euler

n = 100.0

Euler

5 33.2780 30.7501 29.5735 29.8399 36.5356 34.6278

10 10.4801 8.8157 7.8461 7.3941 9.3039 7.4080

20 1.2695 1.0974 1.0519 1.0923 1.4616 1.4279

50 0.4035 0.4180 0.4326 0.4707 0.6196 0.6222

100 0.2167 0.2343 0.2483 0.2727 0.3520 0.3390

Table-7b : W (x 100) at Mid Length of CC FGM Beam

L/h n = 2.0

Euler

n = 2.0

Timoshenko

n = 10.0

Euler

n = 10.0

Timoshenko

n = 100.0

Euler

n = 100.0

Timoshenko

5 1.4887 2.1218 1.9286 3.0389 2.7871 4.2635

10 1.3267 1.4327 1.6843 1.8571 2.2005 2.3765

20 0.3955 0.3999 0.4808 0.4849 0.5426 0.5505

50 0.0381 0.0383 0.0460 0.0463 0.0509 0.0512

100 0.0061 0.0061 0.0074 0.0074 0.0081 0.0082

Table-7a : W (x 100) at Mid Length of CC FGM Beam

L/h n = 0

Euler

n = 0

Timoshenko

n = 0.5

Euler

n = 0.5

Timoshenko

n = 1.0

Euler

n = 1.0

Timoshenko

5 0.5833 0.8742 0.8979 1.2966 1.1652 1.6544

10 0.5721 0.6391 0.8561 0.9388 1.0772 1.1689

20 0.2733 0.2769 0.3233 0.3269 0.3560 0.3597

50 0.0290 0.0291 0.0325 0.0326 0.0349 0.0350

100 0.0047 0.0047 0.0052 0.0052 0.0056 0.0056
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cross-section are 30 in along the length and 20 along the

thickness (or depth) of the beam. A geometric non-linear

analysis is carried out for the completely homogenous

structure.

Figure 12 shows typical through thickness variation of

axial stress obtained using present study (Timoshenko)

and ANSYS plane stress analysis at L = 9 mm. A very good

match can be observed between the two results. Further,

it can be observed that the location of the zero axial stress

(Neutral Axis) is not at the mid-thickness.

Figure 13 shows through thickness variation of trans-

verse shear stress obtained using present study with Equa-

tion (20) and ANSYS plane stress analysis at L = 9 mm.

Again, a very good match is observed between the two

results.

The present study is further extended for FGM beams

using Equation (20). A typical variation of transverse

shear stress through thickness for FGM beam is shown in

Fig.14. For homogenous beam (n = 0 and n = 100), the

shear stress variation is parabolic and the maximum value

occurs at mid-thickness. For FGM beam, however, the

shear stress variation is governed by the variation of shear

modulus through the thickness and the maximum trans-

verse shear stress occurs at location other than mid-thick-

ness.

Conclusions

A detailed non-linear analysis of shear flexible FGM

beams subjected to uniformly distributed lateral load is

presented. Finite element formulations, based on Euler-

Bernoulli beam and Timoshenko beam theories are sepa-

rately developed. The following conclusions can be drawn

from this study.

•  Shear flexibility effects play a dominant role for lower

values of length to height ratios and should be consid-

ered to obtain a realistic response.

• The effect of the shear flexibility is found to be much

higher for clamped beam as compared to simply sup-

ported beam.

• It is observed that for large deformations, the neutral

axis does not remain at the mid-thickness for the ho-

mogenous as well as FGM beams.

• A steep stress gradient is observed through the thick-

ness for higher values of volume fraction exponents for

FGM beams.
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Fig.1 W at Mid Length of SS Homogenous Beam

(n = 0, L/h = 10)

Fig.2 Normalised Lateral Deformation at Mid Length of

SS FGM Beam (L/h = 10)

Fig.3 Through Thickness Variation of Normalised Axial Stress

at Mid-length of SS FGM Beam, q = 40 N/mm, L/h = 10

Fig.4 Normalised Lateral Deformation (WEmh
3
/q L

4
) Along

Length of SS FGM Beam (L/h = 10)

Fig.5 Axial Deformation Along Length of SS FGM Beam

(L/h = 10)

Fig.6 Normalised Lateral Deformation at Mid Length of CC

Homogenous Beam (n = 0, L/h = 20)
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Fig.7 Normalised Lateral Deformation at Mid Length of

CC FGM Beam (L/h = 20)

Fig.8 Through Thickness Variation of Normalised Axial Stress

at Mid-length of CC FGM Beam, q = 40 N/mm, L/h = 20

Fig.9 W Along Length of CC FGM Beam (L/h = 20)

Fig.10 Axial Deformation Along Length of

CC FGM Beam (L/h = 20)

Fig.11 Plane Stress Idealisation of Clamped Homogenous Structure (q = 200 N/mm, L/h = 10)
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Fig.12 Comparison of Axial Stress Variation Through

Thickness, ANSYS (Plane Stress) and Present

(q = 200 N/m, L/h = 10)

Fig.13 Comparison of Transverse Shear Stress Variation

Through Thickness, ANSYS (Plane Stress) and

Present (Equation 20) (q = 200 N/m, L/h = 10)

Fig.14 Typical Through Thickness Variation of Normalised

Transverse Shear Stress (τxzh/bq) for SS FGM Beam

(q = 200 N/mm, L/h = 10)
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