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Abstract

A refined finite element model and a new post processing sub program to determine mixed
mode stress intensity factors and their variation along a surface crack front in components
and structures is presented. The proposed finite element model employs a fine mesh of singular
isoparametric pentahedral solid element with user specified number and size from one crack
face to another and a number of such segments along a surface crack front. A compatible mesh
of regular elements namely hexahedral solid element and pentahedral solid element is used to
discretize the rest of the domain under consideration. Consistent with the use of the singular
element, formulae to compute the Mode I, Mode Il and Mode 11 stress intensity factors using
displacements only of flagged nodes on flagged singular elements are implemented in a special
purpose post processing sub program named SIF 1-2-3. In the present work the finite element
models developed using ANSYS, a commercial FEA program, and the stress intensity factors
determined using SIF 1-2-3 are validated using benchmarks. This finite element model is then
used to calibrate a proposed test method to measure Mode I, Mode Il and Mode Il fracture

toughness of engineering materials.

Introduction

Fracture is a failure mode due to unstable propagation
of a crack due to applied stress. Fracture mechanics pro-
vides a methodology for prediction, prevention, and con-
trol of fracture in materials, components and structures
subjected to static, dynamic, and sustained loads. Fracture
mechanics analysis is the basis of damage tolerance design
methodology. The objectives of fracture mechanics analy-
sis are determination of (1) Stress intensity factor (K), (2)
Energy release rate (G), (3) Path independent integral (J),
(4) Crack tip opening displacement (CTOD), and predic-
tion of (1) Mixed mode fracture, (2) Residual strength and
(3) Crack growth life.

A comprehensive review of structural failures revealed
that the origin of failures due to cracks, in order of fre-
quency of occurrence to be (1) Surface cracks,(2) Through
thickness cracks ,(3) Corner cracks, and (4) Cracks ema-

nating from fastener holes. Such cracks are truly three
dimensional crack configurations. Two dimensional ap-
proximations to these cracked bodies as plane stress/plane
strain are usually unsatisfactory and inaccurate. The focus
of this work is on the determination of mixed mode stress
intensity factors and their variations along a surface crack
front in complex components and structures. Accurate
stress intensity factor solutions for these configurations
therefore can be obtained only by solving 3D boundary
value problems.

An exhaustive survey of methods for three dimen-
sional analysis of cracked solids and structures is pre-
sented by Raju and Newman in [1]. An up to date survey
and assessment of published literature identifies the finite
element method in general and a commercial FEA soft-
ware in particular for fracture mechanics analysis of solids
and structures with surface cracks.
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Finite element modeling using Singular and regular
iso-parametric elements is recommended to be used in
practice because it permits the use of commercial FEA
programs with minimum enhancement. However the
mixed mode stress intensity factors have to be calculated
posteriori. Validation of finite element models featuring
both singular and regular element meshes and the chosen
SIF evaluation procedures demand benchmarks with
known target solutions that resemble the current cracked
configurations being studied.

In the design against fracture of structures and compo-
nents, complex three dimensional configurations with sur-
face cracks are encountered. Recent advances in the FEM,
commercial FEA programs and availability of large, fast
computers have led to more refined finite element model-
ing and fracture mechanics analysis of complex cracked
bodies.

Several investigators have proposed Special crack tip
elements which yield SIF (K) as part of the solution. These
are enriched elements, stress hybrid elements and dis-
placement hybrid elements. Unfortunately these elements
are not implemented in general purpose FEM systems and
therefore cannot be used in practice on a day to day basis.

Using the singular and regular iso-parametric elements
implemented in commercial FEA program to FE modeling
of cracked components and structures, three methods are
generally used to extract SIF (K). They are Crack Opening
Displacement (COD) method [2],Virtual crack closure
techniques and its variants [3, 4, 5] and Virtual Crack
Extension (VCE) method [6]. Comparisons between SIF
solutions for several surface crack problems shows that all
the three methods yield nearly identical solution when
plane strain conditions are assumed along crack front.

Despite the complexity of many cracked components
and structures, comparison between available methods of
analysis has shown that accurate SIF (K) can be obtained.
The choice of particular method is governed by the ana-
lyst’s expertise, the available FEA program and hardware
resources to obtain the solution.

As the analysis of surface crack problem is completed,
compendia of SIF like the ones available for 2D configu-
rations can be developed. Such a compendia should be the
focus of research in the future. The compendia of SIF
solution to surface crack problems can help engineers
design structures which are safe, economical and damage
tolerant.
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The overall aim of this paper is to present the develop-
ment and validation of a refined finite element model and
a new post processing subprogram to calculate mixed
mode stress intensity factors (K , Ky, Kypp) for arbitrarily
located and oriented surface/corner cracks in components
and structures. Its application to the calibration of a pro-
posed test method to measure Mode I, Mode II and Mode
III fracture toughness of engineering materials turns out to
be a case study.

The proposed finite element model involves a very fine
mesh of singular isoparametric pentahedral solid element
(SPENTA15) with user specified number (NS) and length
(Aa) from one crack face to another and number of seg-
ments (NSEG) along the surface crack front. A compatible
mesh of regular elements PENTA 15 and HEXA20 is used
to discretize the rest of the domain.

Consistent with the use of SPENTA15 elements, for-
mulae to compute mixed mode stress intensity factors (K,
Ky, Kpp using the displacements of flagged nodes in
flagged singular elements have been derived[2] and these
are implemented in a special purpose post processing
subprogram called SIF1-2-3.

In the present work, the finite element model is created
using commercial FEA software ANSYS and validated
using benchmarks. Extensive stress intensity factor solu-
tions covering a range of crack lengths are graphically
presented and discussed for the compact tension shear test
specimen.

Finite Element Model Development

Finite element modeling is defined here as the ana-
lyst’s choice of material models, finite elements
(type/shape/order), meshes, constraint equations, pre and
post processing options, governing matrix equations and
their solution methods available in a chosen commercial
FEA program for the intended analysis.

The proposed finite element model involves a very fine
mesh of singular isoparametric pentahedral solid elements
(SPENTA15) with user specified number NS and length
Aa from one crack face to another and number of segments
(NSEG) along the surface crack front.

A compatible mesh of regular elements (NREG)
namely isoparametric pentahedral solid element
(PENTA15) and isoparametric hexahedral solid element
(HEXAZ20) are used to discretize the rest of the domain
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under consideration. A brief insight into the formulation
of these elements is given.

Figure 1 shows quadratic order hexahedral solid ele-
ment of the so called Serendipity family. The element has
twenty nodes. Eight nodes are located at the vertices and
the others are at mid-side points of the parent element
which is a bi-unit cube.

Any variable @ is approximated over the parent ele-
ment domain using the incomplete quadratic order poly-
nomial. Explicit shape functions N; (§,m, ) (i=1...20)
have been derived for this polynomial basis and are readily
available. Using iso-parametric formulation, the parent
element can be distorted to have straight or curved edges
and flat or curved faces as illustrated in Fig.1. Use of a
three-point Gauss quadrature formula in each of the &, 1),
€ coordinate directions is recommended to compute the
element matrices and vectors. The required gauss point
locations and weighting factors are readily available. The
HEXAZ20 element is widely used in practice and is imple-
mented in every commercial FEM system. This element
is employed as regular element.

Pentahedral solid element of the serendipity family of
quadratic order (15Nodes) is shown in Fig.2. This is
designed by further distorting the HEXA20 element as
illustrated in Fig.2. Specifically, it involves collapsing a
face and constraining the nodes that are collocated to have
identical degrees of freedom. This element is called
PENTALIS5 and is also used as regular element.

One more distortion of the PENTA1S5 element creates
SINGULAR element called SPENTA1S5 for computa-
tional fracture mechanics [7] and is shown in Fig.3. Spe-
cifically, the edge with nodes 3-19-7 is located along a
curved crack front. The mid-side nodes 10, 12, 14, 16 are
moved to quarter point locations closer to the crack front.
The number of the SPENTA15 elements (NS) from one
crack face to the other and the number of segments
(NSEG) along a crack front can be progressively increased
and the size of the singular elements Aa can be decreased
to achieve convergence in computed stress intensity fac-
tors.

The rest of the domain under consideration is discret-
ized using a compatible mesh of regular elements
(NREG). Numerical experiments are necessary to arrive
at satisfactory values for NS, Aa, NSEG and NREG for

VOL.64, No.2

each problem to ensure convergence of computed stress
intensity factors.

In this work the finite element model is created using
ANSYS program. However, in ANSYS the required sin-
gular element is not listed in the element library. Therefore
the preprocessing commands and user experience is essen-
tial for the concurrent creation of SPENTA 15 element
mesh along any curved crack front with specified NS, Aa
and NSEG.

Post Processing Sub Program : SIF 1-2-3

Mixed Mode Stress Intensity Factors denoted by Kj,
Ky, Kyjr at any point along a surface crack front have to
be calculated posteriori. This involves derivation of for-
mulae to calculate K; (i = I, II, III) using nodal displace-
ments at flagged nodes of flagged elements only. In the
sequel setting up of a unique crack tip coordinate system
(X, y, z) with the x-axis normal to the crack front and in
the plane of the crack, with the y-axis normal to the crack
front and normal to the crack plane, and with the z-axis
tangential to the crack front in the crack plane at user
selected nodes along the surface crack front is a prereq-
uisite. The computation of direction cosines of the x, y, z
axes needs to be automated. The known nodal displace-
ments Uj;, V;, W; with respect to the global Cartesian
coordinates (X, Y, Z) are transformed to the crack tip
coordinates. Using the relative displacements it is then
possible to identify the opening (Mode I), in plane sliding
(Mode II) and anti-plane shear (Mode III) modes and
calculate Ky, Ky, Ky using SIF evaluation formulae given
in [2]. A new Post Processing Sub Program named SIF
1-2-3 has been developed and used in this study with
ANSYS as the solver.

In the development of SIF 1-2-3 a local cartesian
coordinate system (X,y,z) is defined at each crack tip node
and the computation of the direction cosines of x,y,z is
automated. These direction cosines are used to create a
transformation matrix [A] defined as

Cos(x,X),Cos(x,Y),Cos(x,Z)
[A]l =|Cos(y,X),Cos(y,Y),Cos(y,Z) (D
Cos(z,X),Cos(z,Y),Cos(z,Z)

where X,Y,Z denote global cartesian coordinates used in
the solver. The nodal degrees of freedom in the crack tip
coordinate system (x,y,z) are then computed as
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Figure 4 shows the flagged SPENTA 15 elements one
on each crack face. The stress intensity factors are calcu-
lated using the following formulae consistent with the use
of SPENTA15 elements [2];

v =V +2v —v +v =2y +v =2 +Vv -—v +
B C E F D B’ c’ E’ F’ D’

I 2
4(1-v) U )| 2
M (v +v =2v —=v —v +2v )
2 F ¢ D F ¢ D’

S SN [ N e N N
K= 27| PNy by iy oy iy v )

3)

[2u —u +2u —u +u -2u +u -2u +u -—-u +
B C E F D B’ c’ E’ F’ D’

,L\/ = L —4u +u +4u —u +4u —u  —4u +u )+
K= P R I A T R T

1) 12
=N (u +u =2u —u —-u +2u )
2 F ¢ D F ¢ D

[2w —w 42w —w +w —2w +w_ —2w +w —-w +
B C E F D B’ c’ E’ F’ D’
£ 4= Locaw +w +dw —w +dw —w —dw +w )+

K= 3L || 2N e A )

11 2 2L

4a+v) U [y 2
- (w +w 2w —w —-w 42w )
|2 F C p FC’ D’

®)

Where E is the young’s modulus of elasticity

v is the Poisson’s ratio

L, is the length of the singular element

1 is the variable along the crack front and 1 = 1 at the crack
tip

B,C,E, F, D,and B’, C’, E’, F’, D’, are the flagged
nodes identified in Fig.4. ug, vg, wg, ug:, vg', Wg’ etc
denote the relative nodal displacements at the flagged
nodes with respect to the crack tip nodes A or G.

In the post processing sub program SIF 1-2-3 the user
has the option to input the matrix [A] or to automatically
compute the same with additional inputs. The nodal de-
grees of freedom at nodes identified in Fig.4 as A, B, C,
D,F,E,Gand A,B’, C’,D’, F’, E’, G are extracted from
the solver and transformed to the crack tip coordinate
system and used to calculate the stress intensity factors.
The computed stress intensity factors are normalised using
K,=6,Vna where G, is areference stress input by the

user and ‘a’ denotes crack length.
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Finite Element Model Validation

Benchmark is a standard test problem [11] with a
known target solution in the form of formulae, tables and
graphs obtained using analytical methods, experimental
techniques and computational procedures.

Figure 5 shows a square bar with a quarter circular
corner crack. For very small crack length a (in comparison
with the width W) the Mode I stress intensity factor Kj and
its variation along the crack front is well known [12]. Fig.6
shows the dimensions of the bar used for computation and
its finite element model is presented in Fig.7. A refined
mesh of SPENTA 15 elements with NS = 30, Aa = a/100,
NSEG = 30 is used along the crack front. A compatible
mesh of HEXA20 and PENTAL1S elements is used to
discretize the rest of the domain. Nodes along the bottom
surface restrained against the loading direction. Uniform
pressure load is specified along the top surface. The finite
element model shown in Fig.7 is created using pre-proc-
essing capabilities in the ANSYS program.

The post processing sub program SIF 1-2-3 is used to
calculate the stress intensity factors. The Mode I stress
intensity factor Kj and its variation along the circular crack
front is presented in Fig.8 for different values of (a/w). It’s
evident that as (a/w) tends to zero the present solution
approaches the target solution. For larger values of a/w the
free surface effect on the stress intensity factor is notice-
able. The maximum value of K (which occurs at the free
surfaces is plotted against a/w in Fig.9).

The graphical post processing capabilities in ANSYS
is demonstrated by isolating the mesh of SPENTAIS
elements along the curved crack front and capturing the
von Mises equivalent stress contours at three different
sections namely ¢ = 0, 45 and 90 degrees as illustrated in
Fig.10. Given the yield strength of the material it is then
possible to study the variation of the plastic zone shape
and size along the crack front.

Verification of these numerical results using experi-
mental techniques such as 3D photo elasticity is identified
as a research opportunity.

Figure 11 reproduced from reference [8] shows the
geometry of SEN specimen in three-point bending with
photo elastic pattern insert for one crack length. Fig.12
also taken from reference [8] presents the results from 2D
photo elastic analysis of the above geometry along with
those of the boundary collocation analysis for the full
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range of crack lengths. This is the target solution for this
benchmark.

A refined mesh of SPENTA15 elements with NS=60,
Aa = (a/100) and NSEG =40 is used along the crack front
between crack faces. A compatible mesh of HEXA20 and
PENTALIS elements is used to discretize the rest of the
domain. The complete FE model created using ANSYS
pre-processing capabilities is shown in Fig.13.

The post processing sub program SIF 1-2-3 is used to
calculate the stress intensity factors. The Mode I stress

intensity factor is expressed as K; = P—Sz f (%], where P

BW*
is the applied load, S is the span, B is the specimen
thickness and W is the specimen width. The normalised
Mode I stress intensity factor Ky and its variation along the
crack front is presented in Fig.14 for a/w = 0.5 and 0.7.
Near the surfaces the free surface effect on K is significant
and in fact increases with the crack length. It has been
verified that the present 3D solution is comparable with
the target solution at the centre of the specimen for all
crack lengths.

Case Study

A unique test method to measure Mode I, Mode II and
Mode III fracture toughness of engineering materials is
proposed [9,10]. Using a compact tension shear (CTS)
specimen and a pair of loading fixtures bolted to the
specimen it is possible to measure Kj¢, Kyjc and Kype. It
is also possible to simulate mixed mode fracture as illus-
trated in Fig.15.

Finite element modeling to simulate Mode I fracture is
displayed in Fig.16. A refined mesh of SPENTAIS ele-
ment is used along the crack front with NS = 60, Aa =
(a/100) and NSEG = 60. A compatible mesh of regular
elements namely HEXA20 and PENTALS is used to dis-
cretize the rest of the CTS specimen domain and fixtures.
Compatibility is ensured at the interfaces between CTS
specimen and fixtures. Different material properties can
be assigned to the specimen and the fixtures. The single
point constraints and nodal forces used in the analysis are
also highlighted in Fig.16.

The special purpose post processing sub program SIF
1-2-3 is used to compute the stress intensity factors at user
specified nodes along the crack front. The results are
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expressed as K, __P f 2| where P is the applied
=gy w’(w

load, B is the specimen thickness and W is the specimen
width.

Figure 17 presents the normalised Mode I stress inten-
sity factor Ky and its variation along the crack front for
(a/w)=0.5. Fig.18 presents the contour plots of von Mises
equivalent stress in the immediate vicinity of the crack tip.
Knowing the yield strength of the material it is therefore
possible to study the size and shape of the plastic zone all
along the crack front.

Normalised stress intensity factor K as a function of
crack length is presented in Fig.19. This data is essential
to reduce the measured critical load and crack length at
fracture to Mode I fracture toughness Kjc-. An empirical
relation between the Mode I stress intensity factor Ky and
the crack length (a/w) is presented here as

__P a
KI_B\/_W f(wj and
f (a/w) = 52.167 (a/w)" - 29.58 (a/w)" + 11.54 (a/w)
-0.1942 ©6)

Finite element modeling to simulate Mode II fracture
is displayed in Fig.20 and this is identical to the one used
to study Mode I fracture. However the single point con-
straints and nodal forces used in this analysis are different
as highlighted in Fig.20.

Figure 21 presents the normalised Mode II stress in-
tensity factor and its variation along the crack front for
(a/fw) =0.5.

Normalised Mode II stress intensity factor Kyj as a
function of (a/w) is presented in Fig.22. This data is
essential to arrive at Mode II fracture toughness denoted
by Kjjc. An empirical relation between the Mode II stress
intensity factor Ky and the crack length (a/w) is presented

here as Kj; = ﬁV f (%J and

f (a/w) = 50.587 (a/w)" - 41.359 (a/w)” + 14.337 (a/w)
-0.8897 )

Finite element modeling to simulate Mode I1I fracture
is displayed in Fig.23 and this is identical to the one used
to study Mode I fracture. However the single point con-
straints and nodal forces used in this analysis are drasti-
cally different as highlighted in Fig.23. Figure24 presents
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the normalised Mode III stress intensity factor and its
variation along the crack front for (a/w) = 0.5.

Normalised Mode III stress intensity factor Ky as a
function of (a/w) is presented in Fig.25. This data is
essential to arrive at Mode III fracture toughness denoted
by Kjic. An empirical relation between the Mode I11 stress
intensity factor Ky and the crack length (a/w) is presented

here as Kj;; = ﬁv f [% and

f (a/w) = 1769.8 (a/w)" - 1283.8 (a/w)” + 330.63 (a/w)
- 7.6687 ®)

A critical discussion of the results presented above is
in order. The stress intensity factors presented here are
based on converged finite element solutions and therefore
believed to be accurate. The variation across the thickness
of stress intensity factors is quite different and charac-
teristic of the three modes of fracture. The variation along
the thickness of the stress intensity factors shows the
inadequacy of 2D analysis. The superposition of deformed
over undeformed meshes when animated clearly identified
the opening (Mode I), in plane sliding (Mode II) and
anti-plane shear (Mode III) are correctly simulated in the
analysis. This was also supported by the numerical results
for Ky, Ky and Kyyp for all crack lengths considered.

The contour plots of the von Mises equivalent stress
on the surface for Mode I, Mode II and Mode III do
resemble the well-known shapes presented in text books.
However, an in depth post processing to capture their
variation along the specimen thickness using the results of
elastic-plastic analysis will provide quantification of plas-
tic zone shape and size.

The calibration of the proposed test method using CTS
specimen and two loading fixtures bolted to the specimen
is essential to reduce the measured fracture load and crack
length into fracture toughness values denoted by K¢,
Kiie, Kie- The test method also enables mixed mode
fracture tests to be performed under all possible combina-
tions of Mode I, Mode II and Mode I1I. The data from such
tests can be used to verify predictability of mixed mode
fracture criteria.

Conclusion

Isoparametric solid elements of the serendipity family,
hexahedra and pentahedra in shape and quadratic in order
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implemented in ANSYS, a general purpose FEA program,
are effectively used for finite element modeling of surface
cracked components and structures. The pre-processing
commands in ANSYS enable the creation of a refined
mesh of singular isoparametric pentahedral solid element
(SPENTA15) with user specified number (NS) and size
(Aa) from one crack face to another and a number of such
segments (NSEG) along a surface crack front. A compat-
ible mesh of HEXA20 and PENTAIS can be used to
model the rest of the domain under consideration. How-
ever determination of mixed mode stress intensity factors
and their variation along a crack front demanded the
development and use of a new post processing sub pro-
gram SIF 1-2-3.

The finite element models developed using ANSYS
and the stress intensity factors determined using SIF 1-2-3
together are validated using two benchmarks.

The calibration of the proposed test method using CTS
specimen and two loading fixtures bolted to the specimen
presented here is essential to reduce the measured fracture
load and crack length into fracture toughness values de-
noted by Kjc. Kyye: Kipye
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F =40kN) ing Fixture to Study Mode I Fracture
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Variation of K, along crack front
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Fig.17 Normalized Mode I Stress Intensity Factor Kjand its
Variation Along Crack Front

Fig.18 Von Mises Stress Contours Around the Crack Tip :
Mode I (a) Stress Contours (b) Stress Line Contours

Normalised K, for different crack lengths
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Fig.19 Normalized Mode I Stress Intensity Factor K| for
Different a/w Ratios
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Fig.20 Finite Element Model of CTS Specimen and Loading
Fixture to Study Mode Il Fracture

Variation of K, along crack front
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Fig.21 Normalized Mode II Stress Intensity Factor KII and its
Variation Along Crack Front

Normalised K|, for different crack lengths
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Fig.22 Normalized Mode I Stress Intensity Factor Kjj for
Different a/w Ratios
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Normalised K, for different crack lengths
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Fig.25 Normalized Mode I1I Stress Intensity Factor Ky for
Different a/w Ratios

Fig.23 Finite Element Modeling of CTS Specimen and
Loading Fixture to Study Mode Il Fracture

Variation of K, along the Crack front
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Fig.24 Normalized Mode 111 Stress Intensity Factor Kjy and
its Variation Along Crack Front



