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Abstract

In this work, the numerical and experimental work has been carried out to verify the

compressive strength of pristine composite laminates. Theoretical computations have been

carried out using MATLAB to compute the strength and buckling load. Finite Element Analysis

has been carried out for the composite laminate using two and three dimensional elements.

PATRAN as the Pre and Post processing package and NASTRAN as the solver have been used

in this work. The various failure theories considered in this article are Tsai-Wu, Hill, Hoffman,

Maximum Stress and Quadratic failure theory (YSFT). All the first four failure theories are

available as a standard criterion in the PATRAN package. The fifth quadratic failure criterion

has been implemented using PATRAN Command Language. Static analysis along with failure

theories has been carried out to compute the strength of the laminate. Static and buckling

analysis has been presented for both in two-and three-dimensional models. Experiments have

been carried out on number of pristine laminates and the strain values obtained from FEA

have been compared with the experimental values. The theoretical computation provides a

load value which is about the elastic limit of the specimen. It is generally observed that

quadratic failure theory (YSFT) provides least failure indices and may be employed for

conservative design.
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Introduction

The topic of numerical analysis and experimental work

comprises the study of a composite laminate under com-

pression loading. The consideration of compression load-

ing for composite is important as their strength in

compression is half that of their strength in tension. Sec-

ondly the composite laminates are prone to delamination

under compressive load. It is important to know the lami-

nate strength and its behavior for their use in critical

structures like an aircraft. An in-depth understanding of

their structural behavior can help us to exploit the com-

posites to the maximum possible extent.

One of the persistent difficulties in the design and

analysis of composites has been prediction of laminate

fracture under uni-axial and or combined loading by using

either unidirectional composite (ply) data or mi-

cromechanics with pristine constituent material proper-

ties. The difficulty has been compounded many times over

by the availability of many and diverse failure criteria. It

is apparent, therefore, that some kind of a formalized

comparison among the various failure theories with meas-

ured data would be instructive and very useful. The results

of Parts A, B and C of an international exercise the

‘World-Wide Failure Exercise’ (WWFE) to assess the

accuracy of current theoretical methods of failure predic-

tion in composite laminates has been published in three

special issues of the Journal Composites Science and

Technology [1-4]. For the design of laminates, such meth-

ods include netting analysis, (assumes that the stresses

induced in the structure are carried entirely by the fila-

ments, and the strength of the resin is neglected. It is also

assumed that the filaments possess no bending or shearing

stiffness, and carry only the axial tensile loads). The

proposed theory by Hart-Smith is referred to as the ‘10%

rule’ is among the popular failure theories [5].

In this article, both analytical and experimental results

for a pristine composite laminate have been discussed. The

composite laminate is subjected to uni-axial compression

loading. To predict the failure strength, various failure



theories that were considered include Tsai-Wu, Hoffman,

Hill, Maximum stress and Quadratic or Yamada Sun Fail-

ure Theories (YSFT). In Section-Problem Definition, de-

fines the present problem, and in Section-Theoretical

Computation, theoretical / analytical solutions for a com-

posite laminate strength computation. Section-Failure

Theories, deals with a discussion on five failure theories

that are considered in this article. In Section-Finite Ele-

ment Analysis  is FEA of linear static and buckling analy-

sis. Lastly in Section-Experimental Results  discusses the

experimental work carried out for pristine composite lami-

nate under uni-axial compression loading.

Problem Definition

Consider a composite square laminate, made of layers

of continuous fibers embedded in an organic matrix. The

ply orientation of the laminate selected is symmetric with

respect to the middle plane of the laminate. The main

objective of the study is to evaluate the behavior of a panel

consisting of a number of layers / laminae (NL), without

any defect (Pristine). Since the composites are critical

under compression loading, only uni-axial compression of

a laminate is investigated here. The dimensions of the

laminate are chosen such that the laminate will not buckle

globally due to geometry. Studies were performed to

predict the strength of a laminate using theoretical / ana-

lytical and Finite Element Analysis (FEA). Table-1 shows

the material properties used in the theoretical and FEA.

Boundary Conditions and Loading

The boundary conditions considered on the four edges

of the laminate are: (i) 90kN uniform compressive load is

applied on the first edge. (ii) The second edge (opposite to

the first one) is the fixed boundary condition (displace-

ments) for a three dimensional model are u (T1) = v = w

=0; and for the two dimensional model all the six degrees

of freedom (u, v, w, Rx, Ry, and Rz) are constrained to zero.

(iii) On the remaining two free edges that are restrained by

V (knife) edges in test setup, were simulated as v (T2) and

w (T3) are constrained to zero for the three-dimensional

model; and for the two-dimensional model except u all

other v, w, Rx, Ry, and Rz are constrained to zero.

Material Properties

Computations were carried out by considering the

material properties given in Table-1. The laminate layup

sequence considered is (45/0/-45/90)3s with thickness of

each ply = 0.17 mm making the total laminate thickness

to be 4.08 mm. The overall dimensions of the laminate are

150 mm x 150 mm.

Theoretical Computation

Static Strength

It is possible to use classical laminated plate theory

(CLPT) [6-7] to arrive at the strength of the laminate

(theoretical / analytically). The problem chosen is of pris-

tine laminate. A symmetric laminate subjected to pure

compression loading  as  described  in  the problem defi-

nition and material properties in the earlier section. For

geometric and material properties symmetry with respect

to  the  middle  surface leads to the condition that all Bi j

= 0.

Using the CLPT equations, a MATLAB [8] program

has been written. The effective Q matrix, obtained from

commercial software [9-10] for a laminate will be the same

as that of the summed individual Q matrices for each ply.

Based on maximum stress criterion, for the pristine lami-

nate, a load of 147.172kN is computed as sustainable using

the program.

Buckling Load

From the theory of elastic stability for a plate [11-12]

the  critical load per unit length (Nx)  is  given  by  equa-

tion,

( N
x
 )

cr
  =  

4π
 2

 D

b
 2

(1)

where,  D  =  
E t

 3

12 (1 − υ2
 )

 .

The above equation renders a buckling load of

80.79kN for simply supported and uniformly compressed

in one direction.

Table-1 : Mechanical Properties of the Material

Used in the Analysis

Material Properties

 (MPa)

Strength Properties

(MPa)

Ex Ey vxy Gxy XT Xc YT Yc Sxy

130000 8000 0.32 3000 585 494 22 28 46
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Failure Theories

The various failure theories discussed in this article

are: Hill [13], Tsai-Wu [14], Hoffman[15], Quadratic or

Yamada Sun Failure Theories (YSFT) [16], and Maxi-

mum stress [17]. These are used in the prediction of

strength by computing failure indices.

Hill Failure Criterion

According to the Hill Failure Criterion, there is no

distinction between tensile and compressive behavior. The

failure index is determined based on

σ
x

2

X
 2

 + 
σ

y

2

Y
 2

 + 
σ

z

2

Z
 2

 −  




1

X
 2

 + 
1

Y
 2

 − 
1

Z
 2





 σ
x
 σ

y
 −  





1

Y
 2

 + 
1

Z
 2

 − 
1

X
 2





 σ
y
 σ

z

−  




1

Z
 2

 + 
1

X
 2

 − 
1

Y
 2





 σ
z
 σ

x
 + 

τ
xy

2

S
xy

2
 + 

τ
yz

2

S
yz

2
 + 

τ
zx

2

S
zx

2
  ≥  FI (2)

in which X, Y, Z, Sxy, Syz, Szx are maximum allowable

stresses and FI is the failure index prescribed by the user.

Hoffman Failure Criterion

The Hoffman Failure Criterion introduces distinction

between tensile and compressive stresses to generalize the

Hill Failure Criterion, i.e.,
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and Xt, Xc, Yt ,Yc, Zt, Zc, Sxy, Syz, Szx are maximum

allowable stresses and FI is the failure index prescribed by

the user.

Tsai-Wu Failure Criterion

The Tsai-Wu failure criterion is another generalization

of the Hill failure criterion:
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In which Xt, Xc, Yt, Yc, Zt, Zc, Sxy, Syz, Szx are maximum

allowable stresses, Fxy, Fyz, Fzx are interactive strength

constants and FI is the failure index prescribed by the user.

In order for the Tsai-Wu failure surface to be closed, the

interactive constants should be bounded by,
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YSFT or Quadratic Failure Theory

YSFT (Yamada Sun Failure Theory) or Quadratic

failure theory [16] is not available, as standard failure

theory in the commercial package of the PATRAN. So in

PATRAN software package using Patran Command Lan-

guage (PCL)[18] functions has been implemented and

used for computation. XT and Sxy correspond to the ply

longitudinal strength and the ply shear strength measured

from a symmetric cross-ply laminate. In this the first

assumption is σy = 0; the following criterion for laminate

failure is proposed
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FI ≥ 1 failure; FI < 1 non-failure.

Maximum Stress Theory of Ply Failure

In the maximum stress failure theory, fiber failure (FF)

of the lamina is assumed to occur whenever any normal or

shear stress component equals or exceeds the correspond-

ing strength.

This theory is written mathematically as follows, [17]:
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XT : Tensile strength in longitudinal direction.

Xc : Compressive strength in longitudinal direction.

YT : Tensile strength in Transverse direction.

Yc : Compressive strength in Transverse direction.

Sxy : Shear strength in Longitudinal-Transverse (x-y)

plane.

Appropriate values of Xt or Xc and Yt or Yc are used

depending on the sign of σx and σy respectively for tension

or compression. The above equations of FF criterion

which are based on experimental experience, means that

any additional stresses σz, τyz, τzx do not influence FF.

Finite Element Analysis

Finite Element Method (FEM) is a numerical method

for solving partial differential equations [19]. The concept

of FEM is to discretize the field to k discrete elements with

simple and normal shapes. The field consists of elements

and nodes; each node has three degrees of freedom (DOF)

in the case of hexahedral element

Static Analysis

The linear static analysis has been carried out incorpo-

rating the failure theories as discussed in Section-Failure

Theories. The considered laminate, as presented in Sec-

tion-Problem Definition, and was checked for ‘h’ conver-

gence. It is seen that for this configuration, 400 elements

of 2646 DOF mesh render best results. Load applied is 90

kN for all the failure indices analysis. Fig.1 shows the

magnitude of displacement obtained for the laminate con-

sidered. The maximum magnitude of displacement ob-

tained is 0.407 mm as seen in Fig.1. Fig.2 shows the

deformation magnitude of 0.404 mm displacement for

three dimensional model. It is clear from these two figures

that the displacement magnitude differs only in the third

decimal, which is less than 1% deviation. Fig.3 shows the

variation of strain in the three dimensional model which

also shows similar trend as in two dimensional model.

Table-2 lists the stress (σx, σy and σxy) values for the

four layers only, as the laminate is made of (0/45/-45/90)3s

angles, generally known as π/4 laminate. For all the other

plies, the results repeat same value corresponding to the

respective ply angle. Table-3 indicates the Failure Indices

(FI) obtained from, Tsai-Wu, Hill, Hoffman, Maximum

stress and Yamada Sun Failure Theories. It is observed

from the Table-3 the FI values from Tsai-Wu and Hoffman

results match closely with each other. The failure indices

in the ascending order are Tsai-Wu, Hoffman, Maximum

stress, followed by Hill criterion and YSFT. In case of

YSFT, it may be noted that an assumption of σy = 0 is

considered. Due to the fact that the component σy is not

considered, it renders the FI as 0.014.

Buckling Analysis

Buckling analysis can be used to find critical loads at

which a structure becomes elastically unstable. The gov-

erning matrix equation for buckling analysis is a general

Eigen value problem of the form:

( K + λ K
G

 ) u  =  0 (7)

Where K is a linear stiffness matrix, KG is the geometric

stiffness (or stress stiffening) matrix, λ is the Eigen value

(load factor), and u is the buckling mode shape [20-21],

[23].

Table-2 : Maximum Stress Components for the

Composite Laminate

Layer

No.

Angle

Degree

Maximum Stress Components

(MPa)

σx σy τxy

L1 45 -181 -14.4 -8.14

L2 0 -355 -6.99 -3.35E-14

L3 -45 -181 -14.4 -8.14

L4 90 -6.99 -21.8 -1.19E-17

Table-3 : Comparison of Failure Indices Obtained

from Various Failure Theories

Layer

No.

Angle

Degree

Failure Indices

Tsai-

Wu

Hill Hoff-

man

Max.

Stress

YSFT

L1 45 0.631 0.587 0.622 0.493 0.407

L2 0 0.648 0.610 0.640 0.714 0.718

L3 -45 0.631 0.587 0.622 0.493 0.407

L4 90 0.987 0.985 0.987 0.986 0.014
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Figure 4 shows the fringe pattern of buckling mode-I

for two-dimensional laminate model. The two-dimen-

sional model of the problem renders a value of 33.0336kN

as the load for first buckling mode. Fig.5 shows the fringe

pattern of buckling mode-I for three-dimensional laminate

model. The three dimensional model of the laminate ren-

ders a value of 70.046kN, which is about two times the

two-dimensional value.

Experimental Results

Carbon epoxy laminates were fabricated using Vac-

uum Enhanced Resin Infusion Technology (VERITy)

process [24]. All the laminates were cured in an autoclave

following a standard cure cycle and then sliced into speci-

mens using a diamond-coated saw. The test laminates are

pasted with two to eight strain gauges. Each gauge on the

front has corresponding gauge on the back face of the each

laminate to aid in ensuring application of pure compres-

sive loading and to detect bending or buckling, or both, if

any. This also ensures the alignment of the specimen along

the loading direction. All the specimens were tested on a

servo-hydraulic computer controlled testing machine of

500kN capacity. The test performed is similar to ASTM

D 7137M-07 standard test method for compressive resid-

ual strength properties of damaged polymer matrix com-

posite plate [25]. However the dimension chosen for the

plate in this article is a square plate of dimension 150 mm

without any damage. Fig.6 shows the test setup while

carrying out the test.

In Fig.7 there are three curves only, two from experi-

ment and one from FE analysis. Fig.7 shows two experi-

mental curves obtained from a typical test for the front and

back mounted strain gauges. These two curves show a very

good alignment with the load applied up to 3000 micro

strain (µε), where the first instability point occurs. This is

considered as an excellent alignment for further analysis

and results. The maximum strain withstood by the lami-

nate is around 8000 µε after which the load immediately

falls to zero stress (the return curve) captured by both the

front and back strain gauges as shown in Fig.7. The front

and back strain gauges suddenly falls to zero stress from

about 3000 µε value and 7500 µε respectively without any

post buckling phenomenon. A drop to zero strain / stress

level indicates a complete failure of the laminate. Fig.8

shows the plot of Fig.7 without the failure data. The

laminate cannot withstand any further load. The linear

static stress analysis has been presented for the pristine

laminate. The finite element analysis (FEA) results with

square data points compares very well with the experimen-

tal stress-strain curve within the elastic regime.

Concluding Remarks

A composite laminate of dimension 150 x 150 x 4.08

mm
3
 has been analyzed and experimental results are pre-

sented. Theoretical solutions were computed for the lami-

nate using both the classical laminate theory and buckling

expressions. Theoretical computations using CLPT tech-

nique to determine the strength of a laminate were found

to be very attractive, especially when there is no damage.

The strength computation from maximum stress theory

renders very good approximation, within 5 percent, of the

result compared with the experimental result (~130kN). In

this article, the five different failure theories are summa-

rized and are compared with reference to π/4 composite

pristine laminate subjected to in-plane compressive load.

It is observed that both the two and three dimensional

linear static analysis render a maximum deviation of about

1% in results of stress and strain. However the buckling

analysis for the two-and three-dimensional results vary by

a factor of 2. The three-dimensional buckling result is

closer to theoretical expression and experimental result. It

is confirmed from both the two and three-dimensional

buckling analysis that the failure, load is less than the

ultimate load obtained from a test of the pristine laminate.

The experimental result co-relate excellently with the

static finite element analysis within the elastic regime.
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Fig.1 Magnitude of Displacement for 2-dimensional Model

Fig.2 Magnitude of Displacement for 3-dimensional Model

Fig.3 Axial Strain Tensor for 3-dimensional Laminate in X-di-

rection

Fig.4 Fringe Pattern of Buckling Mode-I for 2-dimensional

Laminate

Fig.5 Fringe Pattern of Buckling Mode-I for 3-dimensional

Laminate

Fig.6 Photograph of the Test Setup During Testing
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Fig.7 Comparison of Numerical Analysis and Experimental

Strain Data
Fig.8 Plot of FE and Experimental Strain Versus Stress Data

Without Failure
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