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Abstract

In the thick components such as gas turbine disks, the cracks usually manifest in the form of
part-through or embedded elliptical cracks. The shape of surface crack varies during the crack
propagation and significantly affects the fatigue life predictions of the surface cracked
components. In present work, crack propagation of semi-elliptical cracks in a finite width
specimen of a gas turbine material subjected to fatigue load has been studied experimentally
and numerically. The numerical simulation was accomplished by first extending the applica-
bility of available stress intensity factor empirical equation for semi-elliptical cracks to finite
width solid. Using this empirical equation for stress intensity factor, the effect of change in
the crack shape on the crack propagation life is simulated by numerical models. Also, in order
to include the effect of crack closure in the numerical prediction of growth of surface cracks,
a ratio of crack closure factor between depth and surface locations of a semi-elliptical crack
was obtained by experiments. The experimental observations were used in correlating the
numerical predictions for crack shape progression and crack propagation life.

Introduction

Design based on damage tolerance concepts has be-
come mandatory in high technology structures. These
concepts are also essential for life extension of aged struc-
tures which are in service beyond originally stipulated life.
In the thick components such as gas turbine disks, the
cracks usually occur in the form of part-through or embed-
ded elliptical cracks.

In the literature [1-13] a large amount of testing and
analysis concerning the growth of surface cracks during
fatigue growth has been performed. Some of these results
for semi-elliptical cracks in tension and bending plates
have been summarised by Hosseini and Mahmoud [14].
The studies reported in literature are concerned with a
semi-elliptical crack in a wide plate. Usually, the crack
shape development model relies on the availability of
close or empirical form stress intensity factor solution for
the configuration. The Newman-Raju [15] empirical solu-
tion for semi-elliptical crack subjected to tension is used
in this model because of its accuracy. However, this solu-
tion for the semi-elliptical crack is valid only for a/t < 1.0,
a/c = 0 to 2 and c/W < 0.5. Hence, the simulations reported

in the literature are upto crack width (c) less than half of
the width of the plate (W). The specimen considered in the
present study, which is also recommended by AGARD
[16] and representative of finite width of typical gas tur-
bine disks, has width equal to half of its thickness. In such
a specimen during the crack propagation, the c/W (crack
length on surface to specimen width) may violate the
limitation on c/W  ( < 0.5) of the Newman-Raju stress
intensity factor solutions for semi-elliptical crack and thus
can not be used in full range of crack growth. Therefore,
in the present work the validity of Newman-Raju [15]
solution is extended upto crack to specimen width (c/W)
upto 0.9 in order to simulate the crack growth in finite
width plate. This is enabled by first obtaining the stress
intensity factors solutions in the range of  c/W = 0.5 to 0.9
(c/W = 0.5, 0.6, 0.7, 0.8 and 0.9)  for various aspect ratios
a/c = 0.2, 0.4, 0.6, 0.8, 1.0 and 2.0. Based on these
solutions, a modified finite width correction is proposed
which can directly be used along stress intensity factor
solution for semi-elliptical crack developed by Newman-
Raju [15]. Subsequently, this solution is used in fatigue
crack growth study of single semi-elliptical crack in a
finite width solid.
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In present work, crack shape development vis-a.-vis
crack propagation life of semi-elliptical crack in a finite
width solid subjected to tension load has been studied
experimentally and numerically. The modified empirical
equation for stress intensity factor for semi-elliptical crack
to account the effect of finite width, as developed in this
work, is employed in the numerical simulation. The sur-
face crack specimens of aero-engine disk material In-
conel-718 are tested under uniaxial fatigue loading. The
PPP (Preferred Propagation Path) is predicted for semi-
elliptical crack in a finite width solid and compared with
that of a crack in wide plate. The crack shape development
is predicted by two degrees and multi degrees of freedom
models. Also the effect of crack closure on the crack shape
evolution is included in the numerical models by obtaining
the crack closure levels at surface and deepest points of
the crack by front and back face strain gauges respectively.
The experimental observations on the crack shape devel-
opment and crack propagation life in the finite width
specimen are further used in evaluating the numerical
tools developed in this work for fatigue crack growth
simulation of surface cracks.

Crack Propagation Model

The change in shape of surface crack during fatigue
loading can be predicted using semi-analytical/numerical
and computational models. The "semi-analytical method"
relies on empirical form of stress intensity factor solution
and the shape of the crack at various stages of growth is
determined by two degrees of freedom. Although "semi-
analytical method" restricts the crack shape to be only
elliptical or circular but it is computationally inexpensive.

In order to predict aspect ratio changes during fatigue
crack growth using local stress intensity factor based
semi-analytical model, a number of assumptions are made
as listed below:

• The fatigue crack will grow in a semi-elliptical shape
i.e. determination of the semi-minor and major axes at
any stage of growth will be sufficient in defining the
crack front. 

• Crack growth rate at the ends of the semi-elliptical
crack will be assumed to be dependent on the value of
the local SIF only. 

• The material is assumed to be homogeneous and iso-
tropic.

• Paris crack-growth equation is assumed to be valid.

Numerous studies [1-14] on the evolving shape of
surface cracks in fatigue are reported in literature. All
these studies are in general based on Paris equation. The
Paris equation for prediction of crack growth rate for
three-dimensional crack can be written in the following
generalised form 

da
i

dN
 = f (∆K

i
 , Ci , ni) (1)

where ∆Ki is discrete stress intensity factor range at

"i th degree of freedom", "N" is the number of load cycles,
"Ci" and "ni" are material constants of Paris equation, "i"
is the degree of freedom, ai is the characteristic dimension
at ith degree of freedom. Here, infinite degrees of freedom
of surface crack are reduced to finite degrees of freedom.
Usually, two degrees of freedom (DOF) are sufficient to
describe elliptical or circular crack front growth used in
the eq.(l) based on the assumption (1) mentioned above.
These two DOF are two principal dimensions of an ellipse.
The equations for the crack growth in ‘a’ and ‘c’ can be
written as

da
dN

 = C
a
 (∆K

a
)
n

a (2)

dc
dN

 = C
c
 (∆K

c
)nc (3)

Where Ca , Cc and n are material properties, Ka and

Kc are the values of stress intensity factor at points ‘A’

(ϕ = 90) and ‘C’ (ϕ = 0) respectively as shown in Fig.1.

Using eqs. (2) and (3) and assuming na and nc equal to
n, the equation for crack shape development can be written
as

Fig.1 Basic geometric parameters of semi-elliptical surface 
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Assuming, the material constants "n" and "C" are
independent of spatial location on the crack front, eq.(4)
can be written as
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Adopting the plasticity induced closure concept, the
conventional crack growth equation using stress intensity
factor ranges may be modified to incorporate the effects
of plasticity induced crack closure as follows:
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(6)

Where UC and UA are Elber crack closure factor at
crack front locations ‘A’ and ‘C’ respectively.

By introduction of factor βR, which is defined as the

ratio of crack closure factor  at ‘C’ and ‘A’, eq.(6) can be
written as

dc
da

  =  

β

R

∆K
c

∆K
a



n

(7)

Jolles and Tortoriello [2] assumed βR = 0.911. A simi-

lar value (an empirical factor) equal to 0.9 was suggested
by Newman and Raju [15] in the Paris equation for surface
crack i. e. eq.(4) assuming that Cc = (0.9)n Ca. It should be
noted here that the factor equal to 0.9 suggested earlier by
Newman and Raju [15] was not to account for differences
in crack closure but to account for different crack growth
resistance at the surface and at the deepest point on the
semi-elliptical crack.

 
The da/dN rate, da/dc and range of stress intensity

factor (∆K) are numerically integrated to determine the
crack size and shape as a function of cyclic life. In numeri-
cal simulation of surface cracks ∆a is taken equal to 0.001
of ao. The flow chart of the analysis is shown in Fig.2.

Two degrees of freedom ("a" and "c" for a semi-ellip-
tical crack model) model along with close form stress
intensity factor solutions has been used in the present

work. The empirical solutions (fitted equations for stress
intensity factor from finite element solutions) provided by
Newman- Raju [15] are used with finite width correction
as proposed in the present work. A "multi-DOF model" is
also used in predictions of crack shape development. The
basic steps involved in multi-DOF are identical to two
degrees of freedom model except the crack is grown at
multi points on the crack front and subsequently the new
crack front is fitted in ellipse shape using the least square
technique.

Finite Width Correction

Newman and Raju [15] formulated an empirical equa-
tion to estimate the stress intensity factors for a wide
variety of parameters for the semi-elliptical crack sub-
jected to tension and also an empirical equation was de-
veloped from the stress intensity factors obtained from
finite element analyses. The equation for stress intensity
factor was written in the following form

K = σ √
πa
Q



     F 



a
t
 , 

a
c
 , 

c
W

 , ϕ



(8)

Fig.2  Flow diagram for fatigue growth simulation of
surface crack
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The function ‘Q’ is the shape factor for an ellipse and
is given by the square of the complete elliptical integral of
the second kind. The boundary correction factor is a
function of crack depth, crack length, plate thickness, plate
width and parametric angle of the ellipse. The series
containing ‘Mi’ are the boundary correction factors at the
maximum depth point (ϕ = 90). The function fϕ is an

angular function derived from the solution for an elliptical
crack in an infinite solid. This function accounts for most
of the angular variation in stress intensity factors. The
function ‘g’ is used to fine-tune the equation. The function
‘ fw’ is a finite width correction.

Newman-Raju [17] solution of semi-elliptical crack
subjected  to  tension  has  the  following range of appli-
cability:

In the above Newman-Raju stress intensity factor so-
lution, the limitation on c/W < 0.5 is most stringent,
particularly for the specimen having W = t/2 as adopted in
gas turbine materials characterization programme [16]. In
the present work stress intensity factors in the range of c/W
between 0.5 to 0.9 for a/c=0.2, 0.4, 0.6, 0.8, 1.0 and 2.0
have been obtained using finite element analyses. The

tabular SIF 

KI / 

σ√πa
Q 

 solution is given in reference

[18]. In all the analyses, Poisson’s ratio is assumed to be
0.3. The stress intensity factors are estimated using
MVCCI (Modified Virtual Crack Closure Integral) with
proposed area and curvature corrections [18].

 
It is quite clear from Fig.3 that if Newman-Raju solu-

tion has to be used for c/W > 0.5 a correction is necessary
to account for the effect of finite width. The correction
factor should also account for the variation of stress inten-
sity factor along the crack front. Thus in order to account

for the effect of finite width (c/W ≥ 0.5), a function fw1
 is

fitted to the SIF solution  based on least square fit as

f
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Here, it is proposed that stress intensity factor for finite
width (c/W ≥ 0.5) can be estimated using the following
modified Newman-Raju equation 
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Similar to Newman-Raju equation, the present correc-
tion is accurate within ±5% of finite element analyses.
Fig.4 shows the stress intensity factors variation along the
crack front obtained using above proposed eq. (10) with

Parametric
angle (ϕ)

a/t a/c c/W

0-π <1.25 (a/c+0.6) for 
0≤a/c ≤ 0.2 and 
< 1 for a/c > 0.2

0  to 2 < 0.5

Fig.3  Comparison of present FEM and Newman-Raju [70]
SIF solution for semi-elliptical crack of 

c/W = 0.7 and a/c = 1.0
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eq.(9) and finite element analyses for c/W=0.9. It is evi-
dent from Fig. 4 that the proposed finite width correction,
eqs.(9(a)-(b)) is accurate in representing the variation of
stress intensity factor along the crack front. The developed
empirical equations for semi-elliptical cracks in finite
width plate are found to be within ±5% of the finite
element solutions.

Specimen and Testing Procedure

A surface crack specimen with a semi-elliptical crack
at the center is considered for testing. The specimen is
rectangular in shape in the gauge section having thickness,
t, and width, 2W. The major dimensions of the specimen
are shown in Fig.5.

The material of specimen selected for present study is
Nickel base superalloy Inconel- 718 [19] which is exten-
sively used for components of gas turbine engines, liquid
rockets, cryogenic tankage etc. Inconel-718 is a high
strength, corrosion resistant material used at -252°C to

705°C. The specimens are made out of rolled bar of 20mm
diameter using wire cutting EDM (Electrical Discharge
Machining). The specimens were aged after machining.
The ageing heat treatment cycle was 720°C/8hrs/furnace
cooled at 620°C @ 50°C/hr/8hrs/Aircooled.

The material properties of the alloy are listed in Table-
1. These material properties were obtained from coupons
extracted from the same lot and heat treatment as speci-
mens considered for crack growth study.

The initial flaw, elliptical in shape, was created by
EDM method. The geometry of flaw was  measured from
the fractured specimen after the completion of testing and
was found to have crack depth, a = 0.285mm and crack
width, 2c = 1.337mm. A scanning electron microscopy
picture of one of the typical notches is given in Fig.6.

The test on specimen has been conducted under con-
stant amplitude uniaxial loading at room temperature in
air. The maximum applied stress was 674.54 MPa and
stress ratio was 0.05. The cycle consists of a loading block,
closure detection block [20] and marker blocks. Marker
block is used in order to obtain crack shape progression
during fatigue testing. The marker block consists of load
cycles with the same maximum stress whereas the mini-
mum stress is increased corresponding to stress ratio (R)
of value 0.5-0.8. It was observed that the marking block
with high stress ratio (R=0.8) gives marking impression
of better visibility (or darkness). Crack closure block was
applied on the specimen in order to get the crack closure
levels from scanning electron microscope. However, the

Fig.4  Comparison of numerical and eq.(3.10) stress intensity
factor solutions for c/W = 0.9

Fig.5  Specimen geometry

Table-1 : Mechanical properties of material at
room temperature

UTS 0.2 PS RA Hardness E [19]

MPa MPa % BHN MPa

1470 1210 44 331 200039

Fig.6  SEM photograph of initial flaw
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further processing of closure impression on the specimen
could not be carried out. The loading cycle was triangular
in waveform having frequency 2Hz. The testing was car-
ried out on MTS Servo-Hydraulic Universal Tensile Test-
ing machine with variable testing capacity upto 50T. The
load sequences used in experiments were controlled by a
micro-console. The machine was calibrated before start of
the testing.

A special gauge called ‘KRAK-GAGE’ [21] which
works on indirect DC potential drop is used in the present
work for continuous measurement of the crack length at
surface. Small strain gauges were used to monitor strains
near the crack tip and on the back face, exactly behind the
crack as shown in Fig.7.

Results and Discussions

Measurement of Crack Closure for
Semi-Elliptical Crack

In the present work, crack closure levels at surface and
deepest points of the crack were measured by front and
back face strain gauges respectively. The front face gauge
is mounted 2mm ahead of crack tip (crack front at surface)
whereas the back face gauge was bonded exactly behind
the  crack  and on the opposite face. The use of near tip
and back face gauges for measurement of closure levels
on surface crack was demonstrated by Soboyejo et al.[22].
It  is  reasonable  to  assume  that  the  measurements from
these front and back face strain gauges provide crack
closure  levels  at the crack  tips  at  the  surface  and  at
the maximum depth point respectively. In order to record
the  strains,  the  test  was  conducted  at very low fre-
quency.  The strains  were  recorded  from  ‘system-4000
[23]’, a digital signal conditioner, at certain intervals dur-
ing the tests. Fig.8 shows the strain derivative function
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 plotted

against the load. The change in the slope of this function

gives crack opening level. Thus a straight line is fitted to
data near the change in slope of strain and where this fitted
line intersects with vertical line is assumed the crack
opening point and the corresponding load is taken as crack
opening load. The crack opening level obtained by near
tip gauge is assigned to location ‘C’ i.e.ϕ = 0° where the
backface gauge is expected to represent the crack opening
at depth location ‘A’ i.e.ϕ = 90°. The crack opening loads
(Pop/Pmax) at surface and depth are found to be 0.216 and
0.144 respectively and corresponding crack closure factor
ratio (βR=UC/UA) found to be 0.9158 for the considered
superalloy Inconel-718.

Crack Shape Development and Propagation Life

The crack shapes at various cycle intervals were ob-
tained by macroscopic beachmarks introduced during the
test, by changing the minimum load keeping maximum
load constant. Fig.9 shows one of the photographs of a
fracture surface of a specimen.

For each beachmark (crack front), the coordinates of a
number of points were obtained using digitized image.
The measured points on each crack front are fitted by an
ellipse by least square fit technique. The points near the
free surface are not considered since crack usually trails
behind near the free surface and usually beachmarks are
not very clear. Fig.10 shows the measured points and
corresponding fitted ellipse for the specimen AI-7. It is
clear from Fig.10 that the crack front assumes a shape very
close to an ellipse. Thus it is a reasonable assumption that
the crack front remains elliptical during the crack growth.
Using the numerical tools developed in this work as de-

Fig.8  Crack opening levels at locations ‘A’ (at depth) and 
‘C’ (at surface) for semi-elliptical crack

Fig.7  Strain gauge locations
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scribed in flow chart, Fig.2, the crack shape development
was predicted by both 2-D0F and Multi-DOF models with
and without crack closure effects.

The predicted and experimental crack shape develop-
ment for the initial crack shape is shown in Fig.11. The
crack shape change behaviour for semi-elliptical crack in
finite width plate has been observed similar to semi-ellip-
tical crack in wide plate [2-6, 12] except at a/t larger than
0.3. In the beginning, crack shape (a/c) changes very
rapidly until it reaches approximately a/t = 0.2. The cracks
nearly attain a/c = 1.0, subsequently the semi-elliptical

cracks in a finite width plate reaches approximately a/t =
0.3, the crack shape decreases significantly with growth
of the crack. Similar trends are predicted by numerical
simulation of semi-elliptical crack in fatigue by all the four
models used in this work. The predictions considering
closure (2-DOF or multi-DOF model) compare very well
with experimental results for the considered initial crack
configuration.

It is noted that by experimental and numerical analyses
the crack shape drops faster after a/t = 0.3 for finite width
plate. Thus, it is expected that PPP (Preferred Propagation
Path) would be different for semi-elliptical crack in a finite
width plate. This is demonstrated by a numerical study
considering various initial shape semi-elliptical cracks in
a finite width plate, t/W = 2 and a wide plate t/W = 0.2.
The crack shape development is illustrated in Fig.12. The
predicted PPP for semi-elliptical crack in a finite width
plate is found to be different compared to that in a wide
plate. PPP assumes lower path for semi-elliptical cracks
in a finite width plate. This is mainly due to the effect of
side faces of specimen, as crack comes in the vicinity of
side faces the stress intensity factor increases at location
"C" (at surface) more than that at the point "A" (at maxi-
mum crack depth). Thus the crack growth rate at location
"C" would be higher compared to location "A" and crack
starts becoming shallower as it grows.

In estimating the life of a part-though crack, the crack
shape evolution plays a major role since the stress intensity
factor in part-though crack is not only function of crack
length but also the aspect ratio of the crack. The algorithm

Fig.9  Photograph of fracture surface of specimen (AI-7)

Fig.10  Experimental data points and fitted ellipse for
specimen AI-7

Fig.11 Comparison of experimental and numerically 
predicted crack shape development for semi-elliptical 

cracks in finite width specimens
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presented in this paper takes these nonlinear effects into
account. The crack propagation life is estimated using the
2-DOF model including Elber closure effects. The crack
propagation life is calculated from the first marker rather
than the initial notch to eliminate the uncertainty about the
initiation life of the notch. The estimated life for the
specimen is .compared with experimental results as shown
in Fig.13. The ratio of predicted life to experimental life
was found to be 0.94 for the specimen (AI- 7).

Concluding Remarks

The empirical form of stress intensity equations for
semi-elliptical cracks in finite width plate are developed
in this work for c/W upto 0.9. By this the validity of
available Newman-Raju stress intensity factor empirical

equation for semi-elliptical cracks in finite plate has been
extended. The current equations enabled numerical pre-
dictions of fatigue crack growth and fatigue life estima-
tions for larger values of c/W (upto 0.9).

The crack shape development from an initial semi-el-
liptical crack in a finite width plate under fatigue load has
been studied by experiments for a gas turbine material
Inconel-718. The numerical tools for estimation of the
fatigue crack growth and life prediction for semi-elliptical
cracks in finite width plate are developed and validated by
experiments. These tools have been developed with larger
interest towards the damage tolerance design analysis of
gas turbine components. The models including crack clo-
sure effects compare well with the experimental results.
The preferred propagation path for semi-elliptical cracks
in finite width plate is obtained. It is observed that the
preferred propagation path during fatigue of a semi-ellip-
tical crack in a finite width plate is different compared to
a crack in a wide plate. The two degrees of freedom model
including closure effects is found to predict the crack
propagation life accurately.
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