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Abstract

In the early developments for automation of photoelasticity several researchers have proposed
phase shifting techniques (PST) with different optical arrangements. Several ways of calcu-
lating the isoclinic and isochromatic parameters were also reported. In many cases though
the optical arrangements were different, the intensity equations remained the same. Although
theoretically, each of the techniques provide the evaluation of isoclinics and isochromatics,
when applied to experimental images only some of the techniques remain robust. This indicates
that specific optical arrangements do play a very important role on the success of the phase
shifting technique experimentally. One of the main sources of error is due to the mismatch of
quarter wave plate. In this paper, the role of quarter wave plates in influencing the selection
of appropriate optical arrangement for PST is studied systematically. Different possibilities
of obtaining the photoelastic parameters with least error are explored.

Notations Aref = Wavelength of light for which the quarter
wave plate introduces the retardation of
li = Intensity of light transmitted for arbitrary U2 radians

positions of optical elements in a polariscope = Actual wavelength of light used

la = Light intensity accounting for the amplitude

of light vector and the proportionality for = Orientation of principal stress direction

. : w.r.t. x-axis
circular and plane polariscope arrangements
respectively. B¢ = Calculated value of isoclinic parameter
) = Background light intensity for circular and W.r.t x-axis _ o
plane polariscope arrangements respectively. @'c = Calculated value of isoclinic parameter
Vil R= ith equation of Table 1thj equation in the \évr:otr x-axis considering quarter wave plate
table of intensity equations including quarter _ . _
wave plate error and L or R indicates the 1 = Orientation of the | quarter wave plate axis
handedness of the input light. w.r.t. x-axis
K = Amplitude of incident light vector n = Orientation of the Il quarter wave plate axis
kde@t = Incident light vector LIt x-axis
B = Orientation of analyzer axis w.r.t. x-axis Introduction
o = Fractional retardation in radians introduced Automation of the extraction of isoclinic and isochro-
by the model matic data over the whole domain of the model was not
5c = Calculated value of fractional retardation pOSSIb|e till the adyent of PC—baseq dlgltgl image process-
in radians ing hardware, which can record intensity data at video
_ ) o rates. Several techniques for automating this were pro-
&c = Calculated value of fractional retardation in posed by various researchers [1]. Phase shifting technique
radians considering quarter wave plate error - (pgT) is one of the widely used techniques for determining
€ = Quarter wave plate error the isoclinic and isochromatic parameter at every point in

the model. In phase shifting techniques, the phase-shifted
images are recorded by changing the orientations of the
various optical elements of the polariscope.
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Hecker and Morche [2] introduced the concept of
phase shifting to photoelasticity for the determination of
isochromatic parameter over the whole domain of the
model. Extending the work of Hecker and Morche, Patter-
son and Wang [3] proposed a six step phase-shifting v
technique for the determination of both isoclinic and iso- I Quarter

chromatic parameters. Later, Ajovalasit et al. [4] proposed Wave plate
a six step phase-shifting algorithm which uses left and
right circularly polarized lights to minimize the effect of Specimen

quarter wave plate error on isoclinic and isochromatic
parameter calculation. A limited study on the role of

guarter wave plates on the performance of various algo-
rithms proposed by Ajovalasit and his group has been
reported [4]. However, a comprehensive study of role of
guarter wave plate mismatch on the performance of algo-

rithms proposed by various researchers is desirable. the equations listed in Table 1, the isoclinic parameter is
obtained as

Wave plate

Analyzer

Fig. 1. Generic arrangement of a circular polariscope

One of the issues in digital photoelasticity is to reduce ) Sind sin2e
the number of images used for the calculation of the g _ 1, -1[5 '3 1, -1ra
photoelastic parameters. Several four step methods have ¢ 2 4 lg 2 asir16 cos®D
been reported in the literature [4-7]. Among the available
four step methods, the one that performs better experimen- for sind# 0 (2)
tally needs to be selected. A need thus exists to study the
performance of the available four-step phase shiftingtech- ~ The isochromatic parameter is calculated as
nigues considering the quarter wave plate error. In this .
paper, a systematic study has been carried out on the role6 —tan 1= _ g T2 cos26 sind
of quarter wave plate error on the performance of various ¢ -1 2) co26, 5 €020 cosd
six step and four step phase-shifting techniques.
for cos26_# 0 (3
Phase Shifting Techniques Based on
Circular Polariscope -1 sin2 sind
. . P 5 :tan_lH > _3 :taﬁ1Ha , ]
In phase shifting techniques, one attempts to evaluate ¢ gll - |2) stGCH Hasm29 coséH
the isoclinic and isochromatic parameters by processing
the intensity information obtained from a generic circular for sin26_# 0 (4)
polariscope as shown in Fig.1l. The intensity of light
transmitted through the generic arrangement of a circular However, the evaluation of isochromatic parameter

polariscope witt = 135° can be represented as using Egs. (3) and (4) is inconvenient to use and a new
L equation to provide high modulation was proposed by
- a,a Quiroga et. al [8] as
=h*2*3
EkinZ (B, —n;) cod - sin2 (8 —n,) cosZB, - n,) sirﬁ%(l) 5 = tart HIS — 1) siree_+(l, - I6)COSZBCH
SR
1 '2

whereg, n and represent the orientations of the first sinG

quarter wave plate, the second quarter wave plate and the_ tan_l a )
analyzer respectively. The choice of appropriate set of ac036

intensity equations to evaluate the photoelastic parameters

has been the study by several researchers and various  Tpeg first two intensity equations of Table 1 correspond

researchers have come up with different optical combina- 4 pright and dark field arrangements used in conventional

tions to get relevant intensity data. Table 1 gives the phooelasticity. However, the specific optical arrange-
optical arrangements used in a six step algorithm [3]. From
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ments shown in Table 1 for these are not the ones popu- of Table 1. These are shown in Table 2. In the last two

larly in use in conventional photoelasticity. Ajovalasit et.

arrangements, the input quarter wave plate orientation is

al [4] proposed a new set of optical arrangements in which changed from /4 to /4 which made the input light to
the first two are the popular conventional polariscope change from left circular to right circular. The isoclinic
arrangements and also modified the last two arrangementsand isochromatic parameters can be obtained from Egs.

Table 1: Optical arrangements for a six step phase

shifting technique

h{\}?e £ n B Intensity equation
1 34 0 4 1 =Ib+12—“(1+cosé)
2 374 0 374 I, =Ih+12—“(l—-cosé')
3 374 0 0 I =Ib+%°(1—sin26?sin5)
4 x4 w4 A4 I, =Ib+I?’(1+005295in6)
5 3744 w2 AR I =1 +I?‘(1+sin20sin5)
6 374 374 344 I =Ih+17‘(1—cos20sin5)

Table 2: Optical arrangements for the phase shifting

technique proposed by Ajovalasit et. al

In;;:)g.e & n B Intensity equation

1 x4 A4 A2 I =1 +17‘(1+cosé')

2 x4 4 O I, =Ib+12‘—(1-cosé')

3 374 0 0 I =Ib+13‘(1—sin26sin6)
4 324 w4 A4 1,=1 +I—2"(1+00520sin5)
5 w4 0 0 L=1I +17l(1 +sin26sin &)
6 4 3m4 w/d I, =1, +%‘(l—cos2¢9sin5)

Table 3: Multiple optical arrangements for obtain-

ing intensity equations listed in Table 1 by left circu-

f 0 4 2 k¥ .z T
0 JA I I L L
4 b Iy L Is L
2 L b L 5L 5
344 L Iy L Is I
V3 & I Is b I

(2) and (5) respectively.

In the early developments of phase shifting techniques,
the researchers have proposed several optical arrange-
ments. Though they looked different at first sight, they
were yielding one of the equations reported in Table 1.
Ramesh [1] reported that there could be multiple optical
arrangements from which the intensity equations given in
Table 1 can be obtained. The multiple optical arrange-
ments with left circularly polarised light are given in Table
3. ltis instructive to note that with left circularly polarized
light (§ = 3r74), 1, can be obtained by 6 arrangemehis,
can be obtained by 6 arrangemehjgan be obtained by
6 arrangements, can be obtained by 2 arrangemenys,
can be obtained by 3 arrangementsigrdin be obtained
by 2 arrangements. If the incident light is right circularly
polarised, the various multiple optical arrangements are
summarized in Table 4.

Intensity Equations Including
Quarter Wave Plate Error

One of the commonest problems in photoelastic analy-
sis is the mismatch of quarter wave plate. Its influence on
the experimental performance of phase shifting algo-
rithms can be understood if the intensity equations listed
in Tables 1 and 2 are re-derived considering the quarter
wave plate error.

Quarter wave plates used for generating circularly
polarized light introduce a retardationtof2 only when
used with a light of reference wavelengtl. When used

with light of any other wavelengtiA) than the reference
wavelengthX,¢), quarter wave plates introduce a retarda-

tion of T2 + € instead ofi/ 2, where quarter wave plate
error € ) is defined as

A
s:gEIi—l

OA

Oood

(6)

The Jones matrix representation of a quarter wave
plate with a quarter wave plate erroreobriented at an
arbitrary anglé is given by [9]
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The components of the light vector along the analyzer By)safid perpendicular to the analyzer afig (/) of the
generic circular polariscope can be obtained as
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The intensity of the light transmitted by the optical

system can be obtained as Table 4: Multiple optical arrangements for

obtaining intensity equations listed in Table 1

O by right circularly polarized (§ =314
I =EE ) y rig yp (& )
BB
0. - 4 0 4 2 344 4
whereE[3 is the complex conjugate EE. n

0 Is L I I I
Tables 5 and 6 give the intensity equations including 4 5 I b I h
quarter wave plate error for the multiple optical arrange- &2 L 5 5L L Is
ments corresponding to intensity equatignlisted in 344 A I I A b

Tables 3 and 4 respectively. The intensity of light trans-

i ) . . ) b Is L L 5L Is
mitted is obtained by the symbolic computational software
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Maple. The intensity equatidfy__,r corresponds te" quarter wave plate mismatph not all the arrangements
image of Table 1" optical arrangement to get this  Yield the.same \{alue of the intensity of Illght trgnsmnted.
intensity equation (Table 3) with L or R indicating the ~The multiple optical arrangements mentloneq in Tables 5
handedness of the input light. and 6 can be segregated into three categories namely the
optical arrangements with quarter wave plates crossed,
quarter wave plates parallel and others in which the quarter
wave plates are neither crossed nor parallel. The individual
relative orientations of the elements do play a role and this

The intensity equatiofy is the bright field arrange-
ment in conventional photoelasticity. In the presence of

Table 5: Intensity equations including quarter wave plate error corresponding to multiple optical arrangements
for obtaining | 1 using left circularly polarized light listed in Table 3

¢ n B Intensity Equations
Quarter wave plates Crossed

Iz/4 x/4 /2 L=+ {(l—cos2 26sin’ .f:)cos2 (§)+cos2 26sin? e}

Quarter wave plates Parallel

3z/4 3x/4 0 L, =1+ {sin2 (g—)sinz 26 +sin2@sin Ssin gcos &
+ (1 -2sin’ (é) +sin’ (ﬁ) cos’ 20) cos’ e}
2 2
3z/4 3x/4 =& I, =Ib+1a{sinz(§Jsinz 26 +sin20sin §singcos ¢
+ [1 -2sin? [éj +sin? (é) cos’ 20Jcos2 a}
2 2
Other arrangements
In/4 =« n/4 L, =1,,+12—"{1—sin29cos26(1—cos5)—

sin £ cos £5in & (cos 26 - sin 26)

+ (cos& +sin26cos26(1 - cos é'))cos2 6‘}

3z/4 0 n/4 L, =1 +12—"{1-sin26c0520(1—cosé‘)—
sin £ cos £sin & (cos 26 —sin 26)

+(cos§ +sin26cos26(1-cos 5))cosz e}

38/4  w/2 37/4 D=l +{lesin20c0520(1-cos8)+
sin £ cos £sin & (sin 26 + cos 26)

+(cos 8 —sin 20 cos26/(1~ cos 5) ) cos? ¢}

Intensity equation without including quarter wave plate error I, = J, + 12—"( 1+cosd)
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is brought outin Tables 5 and 6. Thus from the experimen- sponding to optical arrangements with quarter wave plates
tal standpoint, one needs to select those optical combina- crossed are identical for both right circulady=3 1/4)
tions that yield the least error in the presence of quarter and left circularly & = v/4) polarized lights. However, the
wave plate mismatch. intensity equations for parallel and other optical arrange-
ments differ when the input light handedness is changed.

Inspection of Tables 5 and 6 shows that in the presence The sirg term in these equations gets changed tc -sin
of quarter wave plate mismatch, intensity of light trans- \yhen the input light is changed.

mitted is also a function &f. Intensity equations corre-

Table 6: Intensity equations including quarter wave plate error corresponding to multiple optical arrangements
for obtaining | 1 using right circularly polarized light listed in Table 4

é n B Intensity Equations

Quarter wave plates crossed

n/4 3zx/4 x/2 Ie=1+I, {(1 —cos’ 26sin? &:)cos2 (g) +cos? 28sin® s}

Quarter wave plates Parallel
1 — in2 6 202 . . .
x4 7l 0 I o —1,+1,{sm (EJsm 20 -sin26sindsingcose
+ (1 —2sin? (é) +sin’ (é) cos® 20) cos? e}
2 2
/4 7wla T Lp=1+1, {sin2 (gjsinz 20-sin2@sinSsingcos ¢
+ (1 -2sin? (é)+ sin? (éj cos’ 219]cosz s}
2 2
Other arrangements

’ I .
z/4 0 3x/4 I a=1, +?"{1+sm20c:os20(1—cos6)—
sin £ cos £ sin & (sin 26 + cos 26)

+(cos & -sin 28 cos 26(1 - cos &))cos® e}

1
n/4 /2 wld Le=1I +7"{1—sin20cos20(l—cos5)—
sindsinecose (sin26-cos26)

—(cos & +sin20cos26(1 - cos &8))cos’ 3}

1
rl4 4 3z/4 L=l +-21{1+sin29cos20(1—cos6)—
sin £ cos £sin & (sin 26 + cos 26)

+(cos§ —sin28cos26(1-cos 5)) cos’ e}

Intensity equation without including quarter wave plate error 1, = I, + 1?"(1 +¢0s4)
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Since the equations are quite complex, the relative wherel, is the intensity of light transmitted in the absence
behaviour of the equations could be understood by plot- of quarter wave plate error ang is considering the
ting a graph of % error in intensity equation defined by ~ quarter wave plate error. These plots are obtained for

| € = - 9°[4] andd varying from 0 to 2 with 6 as parameter

P o o .
0 ; b, =Q i for 0=0°,22.5%nd 45°. Figs. 2a to 2h give the plot of
6 Error in Intensity L x 100 (10) error in intensity for the case of bright field.
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Fig. 2. Influence of quarter wave plate mismatek ¢ 9°) on the intensity of light transmitted for various optical arrangements for a
left circularly polarized light § = 3r/4) in Table 5 and right circularly polarized lighE & 74) in Table 6 as a function afwith 6
as parameter, which would have given the same intensity equations dable 1
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The intensity equatioly is the conventional dark field  field (1) and dark fieldlp) and reconfirms the wisdom of
arrangement. Here again in the presence of quarter waveusing crossed quarter wave plates in conventional photoe-
plate mismatch, the intensity equations could be grouped lasticity.
into three groups. Figures 3a to 3h give the plots of error
in intensity for the case of dark field for the two incident The same study is extended to the rest of the optical
light conditions. From Figs. 2 and 3, itis clear that the error arrangements corresponding to the intensity equaltipns
in intensity is minimum for crossed quarter wave plates |4, I5 andlg of Table 1. Surprisingly, for intensity equa-
and maximum for the parallel arrangements for both bright tions I3 to Ig all the multiple optical arrangements of
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Fig. 3. Influence of quarter wave plate mismatek ¢ 9°) on the intensity of light transmitted for various optical arrangements for a
left circularly polarized light § = 3/4) in Table 3 and right circularly polarised light € T/4) in Table 4 as a function &fwith 6
as parameter, which would have given the same intensity equations dable 1
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Tables 3 and 4 yield the same intensity equation in the = 1
presence of quarter wave plate mismatch. However, when 6 ) (1)
the input handedness is changed its behaviour is similar to
I, andl, viz., the term sig gets changed to -sinThese HI' ~1') sin2®’ _+ (1", = I'g) cos® H
are summarised in Table 7. 5 =tan s (12
ﬁ - ﬁ
Selection of Intensity Equations to Reduce the
Influence of Quarter Wave Plate Error on By substituting the intensity equations of Table 8 in

Photoelastic Parameters Evaluation Eg. (11) and Eq. (12), they get simplified to

Table 8 gives the intensity equations including quarter _ ) 2 2 O
wave plate error corresponding to the optical arange- g = 1ia 1%'”29 sind cose — (COS 260 + sin 28 cos) sine
ments given in Table 1. The equations grand3; can 2" [F0=20 sind COSE + (1 - Cod)sin2 cosB sine
be recast to get the valuesyf andd . in the presence of (13)
quarter wave plate error.

Table 7: Intensity equations including quarter wave plate error corresponding to multiple optical arrangements
given in Tables 3 and 4 for obtaining intensity equations to le in Table 1

Handedness of the input . .
light P Intensity Equations
Left Circular I, = I, + 3014+ (cos? 20+ cos 5sin? 26)sin £  sin 285sin S cos &
3L b 2
Right Circular Ly=1+ ]?‘{1 (cos2 28 + cos §'sin® 20)sine —sin28sin& cose}
Left Circular L, =1+ —%—{1+c0520sin5cose+(l—cosJ)sinZé’cosZHsine}
Right Circular L,=1, 17“{1 +c0528sin 5 cos & — (1 - cos §)sin 20 cos 26sin £}
Left Circular =1+ ’7{1 (cos” 26 +sin” 26 cos &)sin & + sin 26 cos & sin 5}
Right Circular L,=1+ %"{H(cos’ 20 +sin® 20cos¢$)sine+si1120cosesin§}
Left Circular L, =1 %"{1 (1-cos 8)sin20cos 28sin s - cos 26 cos £sin 5}
Right Circular Ly=1, I?"{l+(]—cos&)sin29coszasin£—cos28cosesin5}

Table 8: Intensity equations including quarter wave plate error corresponding to the
optical arrangements listed in Table 1

I=1I +%“{l —sin26cos 26(1-cos §) —sin & cos £ sin § (cos 26 - sin 26) \
+(cos 8 +sin26cos26(1-cos §) ) cos’ e}k
L=1, +12—"{1+sin20cos20(1—cos6)+sinecosssin5(00529—sin20)
-((1-cos )sin 26cos 26+ cos § ) cos® s}
L=1 +17"{1 +(<:os2 26 +cos 5'sin” 20)sins—sin26'sin§cosa}
I=1+ 17"{1+00520sm§cose+(1 c0s &)sin 20 cos 26sin £}
=1 +I?"{1 —(cosz 20 + cos §'sin” 20)sin£+sin29sin¢5cose}

1
Ig=1+ 7"{1 —cos20sin 5 cos £ — (1~ cos §)sin 26 cos 265in£}
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sin20 sind cos - (005229 + sinzzecosES) sing) sin29’C

+ (cos sind cos

+ (1 - co®) sin cosD sing) cosZB’C
6'C: tan

2
€O cos € + (sin20 — cos D) sine Cos sind
2
- (1 - cosd) sinX cosD sin €

I o

(14)

For @' to represent isoclinic parameter, its expression

should be a function of onyatd# 0, T, 2m... as in Eq.
(2). Ford'. to represent isochromatic parameter, its ex-

pression should be a function of odas in Eg. (5). But
Eqg. (13)is afunction &, dande and Eq. (14) is a function

of @', 6, 6 ande. Thus, thed'. andd'. obtained from Eg.
(11) and Eg. (12) are not representing the isoclinic or
isochromatic parameter correctly. In other words if the
values of@'; or & are used for further analysis they
represent these parameters with error.

It is seen in the previous section that the error in
intensities in the case of bright field and dark field is
minimum only when the quarter wave plates are crossed.
When the light is changed from right circularly polarized
to left circularly polarized, the error in the intensity of light
transmitted gets negated for the equatibn$o lg. To
eliminate or minimize the effect of quarter wave plate error
in the evaluation of isoclinic and isochromatic parameters,
the intensity equations should be selected such that the
intensity equations corresponding to both left and right
circularly polarized lights are judiciously used.
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The possible combinations of intensity equations to
get®'. andd'; with minimum error are given in Table 9.
Table 10 gives the equations for isoclinic and isochromatic
parameters including quarter wave plate error for the
combinations listed in Table 9. It is interesting to note that
the fifth combination of intensity equations given in Table
9 corresponds to the six-step algorithm proposed by
Ajovalasit et. al [4]. The expressions ¢ andd . for the

six cases mentioned in Table 10 are

o 1H,simd sin® cog [
' =tan 15
c a sind cos® COSH (15)
0 | sind cos a
8 =tan B az 2 2 2
H %033 (1-cosBsine) +cos20sin e%
Da

(16)

Unlike Eg. (13) Eg. (15) is a function of orfiywhen
sind # 0. Hence it represents the isoclinic paramégr (
But Eqg. (16) is a function d, d ande. Hence, similar to
0. obtained by Eq. (12)). obtained from Eq. (14)
represents the isochromatic parameter with error. The plot
of error (&' — 8)/2m due to quarter wave plate mismatch
for the cases of Eq. (14) and Eq. (16) is shown in Fig. 4.

Table 9: Combinations of intensity equations including quarter wave plate error that give®'c and &'c
with minimum error as in Egs. (15) and Eqg. (16)

Combination  Combination = Combination = Combination =~ Combination =~ Combination
1 2 3 4 5 6
I] Crossed I Crossed I] Crossed I] Crossed I] Crossed I] Crossed
I, Crossed I Crossed I, Crossed I, Crossed I Crossed I, Crossed
I, I, I3 I, I, L
3R I I I i Iir
I, I, I, I I I,
I I I¢r I Igr Ig,
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9’ (Degrees)

6.’ (Degrees

; T I l
7/4 z 3xz/4 27 0 n/4 n 37r|/4 27

0
(a) s (b) s—
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Barone and Patterson four step algorithm. (b) Variatio®'effor Asundi four step algorithm

Four Step Phase-Shifting Techniques Although the methodology of evaluation of isoclinic
data is straight forward, in isochromatic parameter evalu-

minimize the number of images required for the evaluation atlonth_e proponents offqurstep _methods did qottgke care
of the issue of modulation as it was done in six step

of photoelastic para_m_eters. Since there are four unknowns methods. Extending the methodology adopted for six step
(I, I, 8 and), a minimum of four images are required. methods to four step methods, the equations are recast in
Several four step methods have been reported in the litera- g study to have high modulation over the field and is
ture [4-7]. Table 11 gives the optical arrangements along symmarized in Table 12. The expressions for isoclinic
with the corresponding intensity equations including quar- parameter in the presence of quarter wave plate mismatch
ter wave plate error for Ajovalasit et. al 4-step, Asundi et. g given in Table 13. The Table shows that the algorithms
al 4-step, Barone et. al 4-step and Patterson et. al 4-stepyf Ajovalasit et. al, Barone et. al and Patterson and Wang
phase shifting techniques. Since the available four step giye same expression for isoclinic evaluation. The expres-
methods use different combination of optical arrange- gjon for evaluation of isoclinic parameter by Asundi’s
ments, the one that performs better in the presence of algorithm is different. However, by looking at the graphs
quarter wave plate mismatch needs to be selected. Itis alsoj, Fig. 5, it is seen that these set of algorithms give isoclinic
to be kept in mind that the selected method is amenable y5)yes that are quite different from the actual values. In
for simultaneous recording of four phase shifted images. summary, the algorithms cannot be classified on the basis
of isoclinic evaluation. Table 14 gives the simplified ex-

One of the issues in phase shifting techniques is to
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Table 10: Equations for isoclinic parameter®'c and isochromatic parameterd'c for combinations of intensity
equations mentioned in Table 9

Isoclinic Parameter (67)

Isochromatic parameter (6 )

ol (L= 5)) | &= (12— (L, + I, ))sin20,'l + ((’I;L +1,)- I, )cos26]
1]1>*72 (I + 1)1, (K-1)

ot ()1 5 = tan” (K, + I3)- I, )sin 29;, + (1’;, —(I;, + 133 ))cos26,
2| T\, 1) (1-1)

ol (Il 1) 5 = tan” (L, (I3, + I ))sin20c',+ (1’,; - (I, + 153 ))cos26,
3157 L) (i-5)

o (D)1 5 = tm” (L, +150)- 1, )sin20c"+ ((,1;L +1,,) -1, )cos 26,
41 %5 (), \ (-5

R 1&)] 5 = tan ((I3x - 1, ))sin26, +((I;, - I¢x))cos26,
S W-ta) ‘ (5-1)

P =—]—ta.n'l ((15'1, _I;R)J &' = tan"! ((I;L -1, ))sin20c' +((14'R - I(:L))coszec'
6172 \(IZR_Is'L) ’ (h-1,)

L=+

pression for isochromatic parameter including quarter ogy is not quite convenient to device a hardware for

wave plate erroY) in terms o€, & and. Figure 6 shows
the variation of error(p' —3)/21m] in isochromatic pa-
rameter as a function of retardati@) introduced by the
model with® as parameter. The err@gd[— 0)/2m] varies

as a function od and6. To compare the four step algo-
rithms in an overall sense, the RMS of the error
[(d' —d)/2m] for d=0to 2rtfor different values o8 is
plotted as shown in Fig. 7. From Fig. 7 itis clear that RMS

recording four phase shifted images simultaneously. On
the other hand, in the algorithm of Ajovalasit et. al the

orientation of input quarter wave plate is not altered and
hence it is amenable for devising a hardware to record
four images simultaneously.

Conclusion

Equations including quarter wave plate error for the

error of isochromatic parameter by Barone et. al and intensity of light transmitted in a generic circular polaris-
Patterson and Wang four step methods are higher than thecope for all the multiple optical arrangements are derived.

four step algorithm of Ajovalasit et. al. On the other hand,
the RMS error by Asundi’'s algorithm in the region
0=0°to 7.5° andd =30°to 45° is lower than that of
Ajovalasit et. al's algorithm, but is much higher in the
regiond = 7.5° to 30°. Since input quarter wave plate has
to be kept at different orientation to record four phase
shifted images in the algorithm of Asundi, the methodol-

The influence of quarter wave plate error on the selection
of appropriate optical arrangements for phase shifting
techniques is studied. Various possibilities of obtaining
the isoclinic and isochromatic parameter by six step algo-
rithm with least error in the presence of quarter wave plate
mismatch are explored. The available four step methods
are analyzed based on their performance in the presence
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Table 11: Intensity equations for various four step phase shifting algorithms considering quarter wave plate

Optical Arrangement Intensity Equations

Ajovalasit[4]
34 w4 a2 L=I+1, [(l —cos” 20sin? e‘)c,os2 g+ cos’ 20sin’ s]

374 @4 0 L=L+I [(1 —cos® 28sin? s)sin2 g]
374 0 0 4 =I,,+I?"|:l+(cosz 26 +sin? 29cos§)sine—sin20cosesin5:|

374 4 A4 1;=Ib+%‘[l+(l—cos5)sin2000s20sins+cosZ€cosasiné':|
Asundi [5]

34 w4 w2 L=I+1, |:(1—cosz 20sin’ .‘:)coszgﬂms2 20sin® s]
374 4 0 L=1+I, [(1 —cos’ 28sin’ f:)sin2 g]
34 w4 w4 L=1, +%’[1+(1-—cosé)sin20005205in£+00520cosesin5]

V4 m2 4 1,;=I,,+17"[1—(1—oosé)sinZHcosZBsins+cos29cosssin5]

Barone [7]

34 0 4 =1 +%"(1—(1—cosé')sin20c0520+(cos5+(1-cos6)sin20c0520)cosze
+(sin 26~ cos 28)sin £ cos £ sin 6)

374 0O 374

L=1 +%"(1+(l-cos6)sin 26cos 26 —(cos 5 + (1 - cos 5)sin 20 cos 26) cos” £

—(sin 20—cos20)sinscosssiné‘)

374 0 0 I,'=I,,+—121[1+(cos229+sinz20cos5)sin£—sin2ﬁcosssin6]
374 w4 o4 1;=I,,+1?"[1+(1—cos6)sin2¢9cos2t9$ina+cosZ&cosasinJ]

Patterson [g]

374 0 a4 I =1, +£29—(1—(1—cosé')sin 26c0s26+(cos & +sin 20 cos 26(1 - cos §))cos” £

+(sin 20 - cos 20)sin £ cos £ sin 5)

374 0 0 1;=I,,+%"(1+cos§sina+(l—cos6)cos’20sins—sin205indcosg)
374 74 4 I,'=1,,+1?"(1+(1—cos6)sin20cos20sina+cosZOsinb‘coss)

374 w2 a2 12=I,,+I?”(l—cos55ins—(l—cos5)cosz2€sins+sin205in¢$cose)
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- 9°) for various Four Step
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Table 12: Equations for isochromatic parameter in Table 13 recast to get high modulation over the whole field

Isochromatic parameter

Ajovalasit et. e
al(4 step) % =tan L
Asundi et. al 4
(4 step) % = tan
Barone et. al 4
(4 step) 0. = tan
Patterson et.

al S, =tan™

(4 step)

((n,+1,)-21,)sin26, +(21, - (1, +1,))cos 26,

11 _Iz

((21,=(1, +1,))sin26, +(21, - (1, +1,)) cos 26,

Ix —12

((1+1)-2L)sin28, +(21, - (1, +1,))cos 26,

L-1,

(21, (1, + L,))sin26, +(21, - (1, +1,))cos 26,

2L -(I,+1,)

)-8
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Table 13: Simplified forms of isoclinic parameter for various four step algorithms

Isoclinic parameter Isoclinic parameter including quarter wave plate

CITor
=ltan-l (]l+[z)—2]3
Ajovalasit ° 2 21,-(1,+1,)
1. (L +1)-21 . .
Barone 6. =Etan '(g;—_&)J,—J;] L g 1 tan”' (SmZOCOsgsmé'—(cos’20+sin12ﬂcosﬁ)sin£)1,
Ce * 27 | (cos26c0szsing +(1- cos5)sin28 cos20sins) 7,
1, .(21,-(,+1)
P ac = —tan 1 4 4 2
atterson 3 [——~—2 L—U,+ 11)]
Asundi et . . . .
al P =ltan"(21‘—(1'+]’) g < Lot (sm20cosssm6'+(1—cosé‘)stHcosZGsme)I,
@ step) ] 20, -(I,+1,) ° 2 (cos26cosesing +(1~cos&)sin20cos20sinz) 1,

Table 14: Simplified forms of isochromatic parameter for various four step algorithms

Ajovalasit 4-
Jovatast 5 . ((cos2 26 +sin® 290056)5in£ —sin 2@ cos gsin 6)sin 26, +((1 —cos &) sin 26 cos 20 sin £ + cos 26 cos £sin 6)c05205'
1 . =tan”
step {1-cos&)sin 26 cos 28sin £ + cos 20 cos £ sin &
Asundi . . . .
. 5 —tan ((1-cos&)sin 26 cos 20sin & +sin 26 cos £sin &)sin 26, +((1-cos &)sin 26 cos 20sin £ + cos 26 cos £ sin J5)cos26;
-ste . = - :
P (1-cos? 20sin® g)cos 8 +cos® 20sin’ ¢
Barone and

<

Patterson { ((cos2 260 +sin’ 26 cos & )sin £ — sin 20 cos £5in & ) sin 26, +((1-cos &)sin 26 cos 26sin £ + cos 20 cos £5in & ) cos 26, ]

S, =tan™ : - - - :
4-step (sin26 - cos 20)sin £ cos £5in & — (1 cos §)sin 26 cos 20 +(cos & + (1 - cos 5)sin 20 cos 20 ) cos” &
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Fig. 7. Plot of RMS error in isochromatic parameter
for various four step algorithms as a functiorfof

of quarter wave plate error. The four step methodology of
Ajovalasit et. al is amenable for devising a hardware to
record four phase shifted images simultaneously. The
error in isochromatic parameter evaluation by this four

step method is smaller than the methods by Patterson and

OPTICAL ARRANGEMENTS OF CIRCULAR POLARISCOPE

Wang and Barone et. al and is comparable to the Asundi
four step method. 8
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