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NUMERICAL INVESTIGATION OF CONJUGATE HEAT TRANSFER PROBLEMS

P. Manna* and Debasis Chakraborty*

Abstract

Conjugate hent transfer (CHf ) analysis has been caruied out for lamin.ar flotu past fLat plate
and turbuLen.t flow between parallel plates using a contmercial CFD sofnvare CFX-

TASCFlow. Navier-Stokes equations alongwith k-e turbulence ntodeL in. tlte .fLuicl ancl.

conduction equation in tlte soLid have been soLved simultaneously to obtain the flow features.
The computed tentperature distibution of the flow past flat plat nTatches very welL with
analltligal and other numerical results. For the turbulent flow between paralleL plates,

nondimensional temperature distribution an.d Nusselt nwnber distribution ntatches veD) well
with the anabtticaL and experimental resuLts for different values of Reyn6!4t n.umber an.d.

thickness ofthe heat transfer plate.

Introduction

In certain clitic.al applications where working tempera-

ture is vely high, it is necessary to calculate the tempera-

tule distlibution in the solid to ensure that it should not

cross the metallurgical limit. The selection of the material

and wall thickness are latgely dependant on the wall

temperature distribution in the solid. Hence, it is necessaly

to solve the enelgy equation of the solid alongwith the

fluid flow equations, commonly known as conjugate heat

t"ransf'er ploblern. This type of ploblem differs from com-

monly encountered heat conduction ptoblems, as the tern-

perritule of the fluid which is used to cool (or heat) the

solid is not known a priori. Instead, the fluid tempelature

is calculated at the same time as the solid tempetature. In

most of the eallier wolks, the temperature distribution in

the boundary layer of the rnain stream is detelmined under

a plescribed condition at the sulf'ace and then the heat

transf'er coefTicient is calculated. Next the heat transfer

process in the solid is calculated. Thus, the complexity of
the heat transfel processes between the fluid and the main

stream is desolibed by a pre-deLermined heat transfer

coefficient which shows heat transfer process is inde-

pendent ofthe solid properties. Contrary, the recent works

of the convective heat transfer problems with conjugate

heat transfer seems to be more physical compared to the

earlier works as the calculal"ions 1br the fluid and the solid

are done simultaneousll'.

The works repolted in the field of conjugate heat

tlansl'el are mostly analytical. Few experimental studies

are rnzrde fbr lanrinar and Lurbulent flows. Numelical

studies are relatively soat'ce. The geometties taken into
consideration are flow over t'lat plate, flow between heated
parallel plates or rectangulal ducts, surface mounted
heated blocks in forced or natulal flow, finned-tube in
cross flow, circular cylinders in uniform flow etc. Luikov
[1] has derived two approximate engineering solutions of
conjugate heat transfer problem based on local Nusselt
number fol a laminar incompressible flow around a flat
plate of finite thickness fbr Prandtl nurnber near or less

than unity. One is based on a diff'erential analysis assunt-
ing a unifbrm velocity profile in the thermal boundary
laycr and the othel is an integral analysis based on poly-
nomial leplesentations o1'velocity and temperature pro-
tiles. Incomplessible flow past flat plate has also been

studied by Payvar [2] who obtained useful solutions fbr'
highel Prandtl numbers also. Adami et.al [3] upgraded a

finite volume CFD solution fbr conjugate heat tlansfer'
analysis. The upgraded solution was validated against
theoretical fesults [1] on simple flow over a f'1at plate ancl

film-cooled plate before applying a complex flow problern
on 3-D film cooled tulbine blade.

Davis and Gill [4] have studied the effect of wall
conduction on flow between parallel plates fol laminar
flow while the tulbulent flow eff'ects ale studied by
Sakakibar-a and Endoh [5]. Analytical solutions are

wolked out to pledict the experimeutal observations of the

axial conduction in the wall. They l.rave shown that the
Prandtl number, Reynolds nurnber, ratio of conductivity
o1 the solid wall to that of the fluid, thickness to lengrh
ratio of the wall are the important- paralneters to determine
the effect of the wall conduction.
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The numelical simulation of conjugate heat transfer
analysis has not been reported adequately in the litelature.
Kasagi et al. [6] developed a numerical model for two
dimensional channel flow alongwith unsteady heat con-
duction by incorporating three fluctuating velocities into
the govelning equations obtained from Stleamwrse
Pseudo-Vortical Motion (SPVM) model. It was observed

that the near-wall behaviour of temperature variance, tur-
bulent heat flux and tulbulent Prandtl number is strongly
influenced by the thelmal properties and thickness of the

wall and the coherent tulbulent structures also play an

irnpoltant lole in the scalar ttanspol't process neal the wall.
Direct Numerical Simulation (DNS) [7] was also applied
to the conjugate heat lransfer ploblem for a fully devel-
oped two dimensional channel flow. Valious statistical
quantities of thermal field wele analysed and compared

with the numerical results of Kasagi et.al [6]. The DNS
study confilmed most ol'the Kasagi's conclusions. It was

concluded that the role of DNS is lalgely confined in
deteunination of various parametels in the simpler rnod-
els.

Conj ugate heat transfer fi'om surface mounted block(s)
to folced convcction air flow in a parallcl plate channel

was rrrodeled by Nakayama and Park [8] and fhe accuracy

o1'the nurnerical predicl.ion of the therrnal conductance fbr
diflelent heat f-low paths was proven expelimentally. An
an'ay of heated square blocks deployed along one wall of
palallel-plate channel was sirnulated [9] and detailed para-

metlic studies wei-e presented fol various Reynolds num-
ber and various values of geometlic and heated area

parauretels. The conjugate heat transfer ploblem for a

cilcular cylindel with a heated cole region in low
Reynolds nurnbel f'low has been studied numelically by

Suden [0]. The ratio of solid and fluid thermal conduc-
tivity (k./kj) has been fbund to gleatly influence the heat

transf-er.

In the present work, the commercial CFD software,
CFX-TASCFIow I l] is used to solve the fluid flow
equal-ions and the heat conduction equation in the solid
sirnultaneously. The code has been validated for a laminar'

llow past a f'lat plate ploblem I and 3] and the computed
tenrpel'zrture distribution are cornpared with othel nurren-
cal and analytical results. The software was then applied
to the tulbulent l1ow past between trvo parallel plates

which is having a very good plactical application in the

clesign o1'heat exchangers as it is desirable to use sholt
passages with turbulent flow in a heat exchangel in order
to take erdvantages of the high heat Llansfer coefticients in
the entrnncc region. The cornputed ternperatule and heat
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transfer coefflcient distribution are compared with the
expelimental [5] and othel analytical [5] results,

Methodology

The computational domain of a CHT ploblem consists
of the fluid domain and solid domain. In fluid domain, the
three dimensional Navier-Stokes equations are solved for.
velocity components, pressure, density, temperature etc.
In the CHT solid, ditfusion is the only tlansport process,
and only the energy equation is solved for temperature.
The fluid energy and the solid energy equations are cou-
pled for the identical conditions of temperature and heat
flux at the solid-fluid interface. The governirrg equarions
in fluid and solid are solved using the 3-D Navier--Stokes
Code-CFX TASCFIow which is an integlated softweu-c
system capable of solving diverse and cortrplex ntultidi-
mensional fluid flow problems. The code is lllly irrplicir,
flnite volume method with finite element based discreti-
sation of geometry. It utilizes nunrerical upwald schernes
to ensure global convergence of mass, momentum and
energy. It implements a general non-orthogonal, struc-
tured, body fitted glids. In the plesent study, the descreti-
sation of the convective ferms are done by filst or-der-

upwind difference scheme. The turbulence model usecl is

k - e rnodel with wall I'unctions.

Basis Theory

For the fluid domain, fhe conservation of mass is

Doa
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In the CHT solid, diffusion is the only transport proc-
ess, and the energy equation reduces to

1 1 / -T\*(p.D=!-lxiLl rordI ox | "dr 
I

where, c is specific heat and 1," is the thermal conductivity

of the solid.

A special condition is applied between the fluid energy
and the solid energy equation everywhere the fluid bound-
aly face and CHT solid boundary face ale coincidcnt. This
CHT interface condition allows enersv to flow between
the fluid and the solid.

Qf= 4'

Turbulent kinetic energy (k) equation:

// \ \
9 ro o, *3 tp u,.k) =j-ttI.a 13! l*dt d*k =a*olln.4l"'-1.+ (4)

\\))
Rate ofdissipation ofturbulent kinetic energy (e) equation

*,0,r *$ro utE)=+[+.9'l+l.r; (5)3t'.-' dxo" o-' arollP, o. l3*ol\\))
where, p, u,, p, H (= h+0.5 u,u,*k ) are the density, ve-

locity components, pressul'e and total energy respectively

and lt * = [/ * F, is the total viscosity : V1 , V1 being the

larninar and turbulent viscosity and Pr is the Prandtl

number. The source term S,, and S, ofthe k and e equation

ale defined as

du. du, _ oE2
sk=T,t ," -pe and S.=C.r riti-Crr.t

u nk " ^k

( r l' l,t,"r*s)vr=!ol1,l t 'f.s 
J\ "r) \

where, I is the temperature and 1t",."r.,Trrt and S are known

coefficient. The turbulent viscosity 1.t., is calculated as

,2
0K

U =c 
-

't U e

The coefTicients involving in the calculation of p, are taken

AS

whele stress is defined as

rik= F

Larnrn ) is calculated from Sutherland law

as

The heat tlux qlis calculated 6 Ql = -Xrfi,X, it

the thermal conductivity of f'luid.

CHT interface

The CHT interface condition is implemented in the
fluid and solid energy equation as follows :

^ dT ^ 
T-Tr'

4r=Q=-4.. =-Lr- (1 )'.r rd)' , 6),f

where, 1", = fluid conductivity, 7n= interface temperature

and T, = adjoining tluid temperature

T _T
" olq =-q=-I -=-/"- _l- (g)

"s 'td) ' 7\)'.i

where, I.s = solid conductivity, and 7. = adjoining solid

temperature

Combining equation (7) and (8) yields,

7.._T
q= I ' (g)

Av- At,'l + 't
),,. l,
.I,t

This is the final expression for the heat flux which is

incorporated in place of l,{ both in fluid and solicl
d1,

energy equation at the interface. And the interface tem-
peratufe is calculated as,

cu = 0.09,

ot= l'o'

Crr=1.44, Crr=7.92

o.' = l'3
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(10)

The CHT interface boundary temperature and the heat

flux are calculated implicity in the simulation.

Results and Discussion

Two cases have been considered for the analysis of
conjugate heat tr-ansfer problems. The first one is laminar
flow over a flat plate with conjugate heat transfer between

the gas and the plate and the second one is conjugate heat

transfer in a tur:bulent flow between parallel plates.

Conjugate Heat Transfer in Laminar Flow Over a
Flat Plate

Luikov [ 1] has delived the analytical solution for lami-
nar' flow over a flat plate with conjugate heat transfer
between the fluid and the solid. The total temperature (To)

of ail is taken as 1400 K with a Mach number of 0.13

which con'esponds to an inlet velocity of 94.9 m/s. The
conjugate heat tr-ansfer plate has a thickness of 10 mm with
therrnal conductivity of 4.0 Wm-K. The plate is cooled
fi'om the below. The wall of the cooling surface is main-
tained at 600 K. The velocity profile is taken as flat at inlet
of the test section. Adami et.al [3] numerically simulated
llow over a f'lat plate for hot air'flow with conjugate heat

tlansfer between the gas and the plate and compared their
numerical results with the analytical solution of Luikov

[ ] with reasonable agreement. This test case is taken as

the first case fbr validation. The test section length (l) is

200 mm. The Reynolds number of the flow calculated

based on L=200 rnrn is about l.l x 10) which ensures the

tlow of the entire computational domain is laminar. Total

height of the test section is 100 mm, wlrich is sufficiently
large to ensure no effect of the boundary layer reaches at

tlre top boundary of the domain. The geometry of the

cornputationtrl domain is shown in Fig. l. The X-axis is

taken along the flow while the X dilaction is considered
norrnal to the I'low. The fluid-solid interface at inlet is

taken as the reference of the X and /-axis. The grid

structul'e of the computational dornain is shown in Fig.2.
A non-uniform structuted grid of 186 x 131 x 3 is used in

the simulation. As the problern is treated as two dimen-
sional, only 3 grid point is taken in the Z-direction. The
grids are very fine at inlet and CHT solid-fluid interface,
typically, with minimum spacing of 0.05 mm in the Y-di-
rection. The grid independence of the results is demon-
stlated by comparing the temperatule profile atX= 50 mm

IOP BOUNDARY

'J ". FLUro (hor .rr)

I

Cooling surface TJ S0 X

a y,.-I

\ INFLOW
Air

M=0.r:'?
T. = 1400 K

OUTFLOW

-+

200 mm

Fig. I Schematic of the contputational tlonruin

t.mp...tur. dr.t.tbodo. In satd .dd nutdxr50 h[. o-1o mf,, rc-14oo (
-* rrr r roc re
+ 1t6r13lx3

-+ rea,lao!3
o.50

\ o.oo

-o.50

-1.@

T/To

Fig. 3 Tentpet'attu'e distribmion in .solitl and fluitl at X=50 ntm

Fig. 2 Grid structure of tlte contputational d.onuin
(t86x 131 x 3)

Fig. 4 Tentlterature distribution in the cotnpututional donruin
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with three dilfelent grids, namely 173 x 109 x 3,

186 x 131 x 3 and 198 x 140x 3. Itis clealfromFig.3, that

by chan-ring Lhe grid structure f}om 186 x l3l x 3 to

198 x 140 x 3, the results almost remain unchanged. The

qualitative featule of the tempelature field is shown in

Fig.4 where the blown-up view of the solid-fluid interface

has been plesented. The temperatut'e change occurs alnrost

unifonnly along the nortnal direction in the solid but in the

tluid, the temperature is changed primarily adjacent to tl.re

boundary layer. The interface temperature rapidly falls

along the flow dilection upto about foul plate thickness

clistance. and then altrost retnains constant downstream of
the flow (Fi-q.5). The non-dimensionalised ternpelature

proflle (T/7,,) along the normal direction from intelface in

two axial locations, namely, at X = l0 and 80 Irlm are

cornpared with the analytical solution of Luikov Il] and

numerical soluLion of Adami et.al [3] in Figs.6 and 7

respectively. The present computational results match

well with both analytical and othet'numclical results. The

boundziry layel resolution fbl the present compul.ation is

bettel compared Lo Lhe numelical solution of Adarni et.al.

To see the ef fbct of conjugate heal' trarlsf'er analysis on l-he

Ilow f ield. two difl'elen1 simulations have been done ex-

cluding CHT analysis where the boundary of thc lluid at

inter'l'ace is rnaintained at 600 K for the lst case and

adiabaLic condition fbr the othet' case. The tesults of the

velocity and l-emperatule plofiles lbl both the sinlulation
have bcen cornpat'ed at two axial locations, X = l0 and 80

mrn in Figs.8 and 9 respectively. Though, thele is rnalginal

clil'f'elence in axial velocity distribution, lar-ge di1'ferences

in tcrnperatut'e distlibution have been observed for all the

cases, particularly in the intertace legion. The isothelmal

wall boundary condition gives the trinimutn temperatul'e

distlibution (600 K at inter'1ace) wheleas the adiabatic wall

boundzily condition shows the tnaximutn ternperature dis-

tlibution (1396 K at interlace) on the intelface and the

boundzrry layer'. The results wilh conjugate heat tt'elnsfel in

solid show a tenrpe!'ature clisLlibution (121 I K and 1093

K at intelthcc lbl X = l0 and 80 tnnr respectively) solne-

what in between Llre two which can be considered as the

r.rost practical solution 1'or Lhe clesign purposes.

Conjugate Heat Transfer rvith Turbulent Flow be-

trveen Parallel Plates

Sakakibala and Endoh [5] have done an expetimental

investi-gation to measufe the local temperaLure and heat

lr'ansf'er coel'l'icient I'or a turbulent flow fully developed in

zr rectangulzu due consisLing of a 200 crn length, l5 cm

wide and 3 cm high. A 30 crn heat tlansfer plate of hard

polyvinyl chloridc (PVC) extending the width of the duct

xlb
Fig. 5 Tentperattu'e rListribLilion at interfuce
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Table-l : Test Conditions for the Computations

Test Run No. Inlet Velocity,
Uo (mls)

Inlet Temp. 7s

(K)
Length of the

Heat Transfer
Plate, L (m)

Height of the

Fluid Domain,
H/L

Height of the

Solid Domain,
b/L

Re, (2UoHlv)

68 290.3 0.3 0l 0.038 27813

2 6l 290.3 03 01 0.069 24665

3. 6l 290.3 0.3 0l 0. r033 24665
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lnflow
Air

U = 6.1 m/s
T"= 290.3 K

was installed 150 cm fi'om the inlet. A heating chamber

was installed at the bottorn ol' the heat tt'ansfet' plate to

maintain a constant tentpelature at the bottont sufface of
the plate. The entite test section was insulated to minimize
the heat losses. To get the interfacial temperature and the

local heat transfet' coefficient, live thelmocouples were

installed in flve locations at interface and other five within

the solid, perpendiculal to the flow. From the measured

temperature distribution, the interfacial temperature and

local heat flux were estimated and the local Nusselt num-

ber was calculated. From the data of velocity, it was

confi'med that the horizontal velocity distribution of the

duct was almostuniform within the l0cm wide and hence,

the problem is taken as two-dimensional fol their analyti-
cal solution. The schematic diaglam of the test set-up is

shown in Fig. 10. The geornetry and the test conditions are

taken identical to the experirnent as explained above. The

X axis is taken along the flow direction and Idirection is

normal to the llow direction. The oligin of the X and I axis

is taken at the starting o1'the solid-fluid interface, i.e. 150

cm apal't tiom the inlet of airflow. A large length of the

fluid flow domain ahead of heat transfer plate is taken to

VOL.56, No.3

get a fully developed flow between the parallel plates as

the f'low approaches close to tlie heiat transf'er plate. The
grid structure of the computational domain (between A
and B as marked in Fig.l0) is shown in Fi-e. I I . A non-uni-
form structured grid of 149 x 46 x 3 is used fol the

simulation. Very fine grids ale provided near the wall, in

heat transfer plate, at interface region and the locations
adjacent to both ends of the plate. The computarions are

calried out for two Reynolds numbers and three different
values of thicknesses of the heat tr-ansf'er plate. The inflow
parameters for computation and geometric details are pre-
sented in Table-1.

The grid independence of the results is demonstrated
by compaling the tempelature plofile at X = 50 mrn (for
b/L=0.038) with two difl'erent grids in Fig.l2. No change
in results is observed by changing the grids flom
149 x46 x 3 to 852 x 6l x 3. The axial velocity disn.iburion
at X = 0.0 mm i.e. the place at which the flow approaches
the CHT interface, is shown in Fig.l3 for Re =24,665,
b/L = 0.031 . The computing velocity protile agrees well
with the experimental results. The axial distribution of the

JOURNAL OF AEROSPACE SCIENCES & TECHNOLOGIES

200 cm

Fig. l0 Schentatic of the compLttational clontain (not to scale)

I

ll

H=3 cm i Fluid (Air) i

;i

Fig. 1 1 Grid stucture of the contltutatiorrul tlotnain, 749 x 46 x 3 (A-ll)
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the computed tempe'rature distribution, heat flux q (= k,
LTl$,) between the fluid and the solid and the hear rransfer-

coefficient, h (= q/(7" - T")) are calculated. Temper-ature
at the interface and the tempelature in the next adjacent
gridline within the solid along the Y-axis are used in the
calculation. The axial distribution of non-dirnensionalised
heat transfer coefficient, Nu ( = hDt/kf) is colrpar-ed with
experimental and analytical [5] results in Figs. l5(a), (b)
and (c) for three different heights of solid domain, where
D7, is the length scale which is taken as twice the height of
the fluid domain and k1 is the fluid conductivity. Tlie
present results agree well with the analytical solution and

experimental results except b/L = 0.1033 where both pre-
sent lesults and analytical results slightly undel predicted

Rc=24665,X=0.Onm

@ Erp.rim.nt t [s]

- 

PF*nt

o.oo z@ a,oo 6,m
Axial velocity, U (m/s)

Fig. l3 VeLocity proJile ot startitlg oJ itttetface
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[- 
p'ent

0.20 0,{ 0.50. oJo
Ariat dlst!nc.,Xr!.X/l

(c)

non-dirrensionalised temperature (7*) is compared with
experimental and the analytical results [5] for three differ-
ent heights of the solid dornain, namely b/L=0.038,0.069
and 0.1033 in Figs. la(a), (b) and (c) respectively. The

axial distance is normalized with L, the length of thesolid
(PVC) and the non-dimensionalised temperature is de-

fined as T* = (7.;Ty,)/(Te-T), where I", T, and T* are

solid-fluid intelface tempelature, the inlet air temperature

and the wall tempelature at the bottom surface of the plate,

respectively. The computational results show very good

comparison with the experimental and analytical [5] re-

sults fbr all the thlee diffelent heights of the solid domain.

Frorn these results, it is clear that the interface temperature

increases as the thickness of the solid is increased. From

Temp€rature distributjon in fluid & soli,
Tw = 340 lC b = 11.4 mm

-e- 749r.t5x3

-* Bs2r61 x3

-1.OO

os o.92 0.95 1.@

Dimensionless temperature, (T/Tw)

Fig l2 Temperature distributionfor ttvo gricls, X = 50 mtn
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the Nusselt number. In the present simulation the upper

plate was rnaintained at aditibatic condition whereas bot-

tom plate was attached with a CHT solid. The velocity and

temperature distributions in the fluid domain atX= 15 crn

are plesented in Figs.16 and 17 respectively to see the

effect of wall boundary conditions. Although there is no

appreciable change in the velocity profile from its value at

the inlet in CHT region, ternperature distribution has

changed significantly. The temperature of the upper wall
which is rnaintained at adiabatic conditions is ahnost

identical to the inlet temperatul'e whereas the effect of
conjugate heat transfer fi'om solid is reflected on the

trlr
290 292 254 2$ 298 3@ s2 304

Tetnperature distribution, K

Fig. l7 Temperature disn'ibution along tlrc nonnal directicttt

from iltterjbce ot X = I5 un

temperature disttibution at bottom surface and the adja-
cent boundary layer.

Concluding Remarks

The conjugate heat transfer analysis is carried out for
both laminar and turbulent t'low past a flat plate and the
f'low between two parallel plates using a commercial CFD
software CFX-TASCFIow. The validation case con'e-
sponds to CHT problem tbr the flow past flat plate with
M = 0.13, To = 1400 K. The methodology is applied for
turbulent flow past two parallel plates with a heat transfer'
solid of PVC is placed in the bottom wall to undelstand

i Uo = 6.78 m/s, T6'290.3 K, Tw . 3,10 X
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the flow characteristics in heat exchangers. The simulation
captures well all the essential features of the flow field.
The computed ternperature profiles at various axial loca-

tions agree very well with analytical and other computa-
tional lesults. The non-dimensional telnperature and heat

tlansf'er coetficient distribution match with the experi-
mental and analytical solution. The effect of wall bound-
ary conditions on velocity and temperature distribution
has been presented considering with/without CHT solid.
The good agreement of the computations for the problems
gives enough confidence to apply it for the other practical

configurations, where high temperature and velocity will
be encountered.
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