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Abstract

The dynamic instability behaviour of stffined plates with cutout is of great technical impor-
tancefor understanding the behaviour of the system. In the present study, dynamic instability
behaviour of stffined plates with cutouts are investigated by using theJinite element method.

The method of Hill's infinite determinants is applied to analyze the dymmic instability regions.

Rectangular stilfened plates with cutouts possessing diferent boundary conditions, aspect

ralios, varying mass and stffiess properties and varying number of stiffeners have been

analyzed for dynamic instability. The influence of various parameters like effects of size of
cutout, load position, aspect ratios, and boundary condition, other paramelers of stffined
plates have been studied. The method highlights interesting effects when stffined plate with
cutout is subjected to uniftrm in-plane edge load. In the structural modelling, the plate and
the stffiner are treated as separate elements where the compatibility between these two types

of elements are maintained. The present approach is moreflexible than any otherJinite element

modelling in that the mesh division is independent of the location of the stiffeners.

Notations

a,b : dimensions of the plate
g,d : dimensions of cutout in plate
E,G : modulus of elasticity and shear modulus of

rigidity
t : thickness of the plate

u,v : in-plane displacements
w : out of plane displacement
q : load intensitY
b*d, : web thickness and depth of a stiffner
P.. : critical buckling load
U : upper excitation frequency parameter

L : lower excitation frequency parameter

cr ,p : static and dynamic load factor

Introduction

Cutouts are inevitable in aerospace, civil, mechanical

and marine structures mainly for. practical considerations.

In aerospace structures, cutouts are commonly found as

access ports for mechanical and electrical systems, or

simply to reduce weight. Cutouts are also made to lighten

the loads, provide ventilation and for modifying the reso-

nant frequency of the structures. However, when interior

holes are cut from a plate structure, the mechanical behav-
iour of the structwe is changed. The instability effects are

improved with the provision of stiffeners. The studies of
static and dynamic behavior of stiffened plate elements
with cutouts subjected to uniform in-plane stresses are of
considerable importance. Structural elements subjected to
in-plane periodic forces may induce transverse vibration,
which may be resonant for certain combinations of natural

frequency of transverse vibration, the frequency of the

in-plane forcing function and the magnitude of the in-
plane load. The spectrum of values ofparameters causing

unstable motion is referred to as the regions of dynamic
instability or parametric resonance.

Numerical results obtained by the finite element
method have been reported by Ali and Atwal !1, Shastry
and Rao [2], Reddy [3] and Laura et al. [4]. Ali and Atwal

[] studied the natural frequencies of simply supported
rectangular plates and rectangular cutouts using the

Rayleigh-Ritz method. Paramsivam [5] used a finite dif-
ference approach in analyzing the effects ofopenings on
the fundamental frequencies of plates with simply sup-
ported and clamped boundary conditions. A finite element

analysis of clamped thin plates with different cutout sizes,
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along with experiments was carriedby Monahan et al. [6].
Mundkur et al.l7l studied the vibration of square plates

with square cutouts by using boundary characteristics

orthogonal polynomials satisfying the boundary condi-
tions. Chang and Chiang [8] studied the vibration of the

rectangular plate with an interior cutout by using finite
element method. Lee et. al [9] predicted the natural fre-
quencies of rectangular plates with an arbitraily located

rectangular cutout. Ritchie and Rhodes [0] have investi-
gated theoretically and experimentally the behaviour of
simply supported uniformly compressed rectangular
plates with central holes, using a combination of Raleigh-
Ritz and finite element methods.

The studies on vibration characteristics of stiffened
plates with cutout are scanty in literature. The free vibra-
tion characteristics of unstiffened and longitudinally stiff-
ened square panels with symmetrically square cutout are

investigated by Sivasubramonian et. al [1] using the

frnite element method. A rectangular shell element with
seven degrees of freedom per node together with a beam

element of seven degree of freedom per node is used for
the analysis. Lam and Hung [2] studied the vibrations of
plates with stiffened openings using orthogonal polyno-

mials and partitioning method. The method involves par-

titioning of the plate domain into appropriate rectangular

segments in order to approximate the deflection function
of each segment by sets of orthogonal polynomials. i.latu-
ral frequencies of simply supported and fully clamped

plates with stiffened openings are presented, Paramsivam

and Sridhar Rao [3] modified the grid framework model
suitably to obtain the natural frequencies of square plate

with stiffened square openings. This investigation pro-

vides a general feeling about the changes in fundamental

frequencies that occur when stiffeners are introduced.

The present paper deals with the effects of vadous

parameters such as size and location of cutouts, aspect

ratios, different boundary conditions and stiffener parame-

ters on dynamic stability characteristics of rectangular

stiffened plates with cutouts

The finite element is applied to analyze vibration and

dynamic stability behaviour of stiffened plates subj ected

to uniform edge loading. In the present analysis, the ele-

ment is nine-nodded isoparametric quadratic, which has

advantages such as accommodating irregular boundaries,

laminated materials and accounting for shear deformation
and rotary inertia. The stiffeners can be positioned any-

where within the plate element and need not necessarily

be placed on the nodal lines.
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Governing Equation

The equation of equilibrium for vibration of a structure

subjocted to in-plane loads can be written in matrix form
AS

twls|+[t4t -P[Kc]]{e }= o

The in-plane load. P(t) may be periodic and can be

expressed in the form

P(t\ = P^+P cosC)lJI

P^=uP.P=BPJcrl',cr

where P" is the static portion of P. P, is the amplitude of
the dynamic portion of P and Q is the frequency of
excitation. o and p are termed as static and dynamic load
factors respectively. The equation of motion is reduced to:

Equation 4 represents a system ofsecond order differ-
ential equations with periodic coefficients ofMathieu-Hill
type. The development of regi ons of instability ari ses from
Floquet's theory, which establishes the existence of peri-
odic solutions. The boundaries of dynamic instability are

formed by the periodic solution of period T and 2T, where

T=2n/{1.. The boundaries of the primary instability re-
gions with period 2T are of practical importance and the

solution can be achieved in the form of trigonometric
series. Principal instability region, which is of practical
importance leads to

f'62 I
ft,<ot 

- a P,,lKo)*rl, 
",IKcl 

- i W)l+l= o (s)

Equation 5 represents an eigenvalue problem for

known values of cr , p and P"r. The two conditions under

aplus and minus sign correspond to two boundaries of the

dynamic instability region. The eigenvalues are C), which
give the boundary frequencies ofthe instability regions for
given values of cr and p.

Finite Element Formulation

The formulation is based on Mindlin's plate theory,

which will allow for the incorporation of shear deforma-

tion. The plate skin and the stiffeners are modelled as
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separate elements but the compatibility between them is

maintained. The eiement matrices of the stiffened plate

element consist of the contribution of the plate and that of
the stiffener. This is similar to the concept proposed by

Mukhe{ee and Mukhopadhyay [la]. The nine noded

isoparametric quadratic element with five degrees of free-

dom (u, v, w, 0", and 0r) per node is employed in the

present analysis.

The elastic stiffiress matrix [Ko], geometric stiffness

matrix lK6ol and mass matrix lMol of the plate element

may be expressed as follows:

+l +l
trT

lKol=l Jtnol lDPllBPlvoldE dn (6)

-l -l
+l +l
rrT

lKcrl =l )Wool' [ooJlBooTvpldE 4 (7)

-l -l
+l +l

rMor=l IItrttu)tNveldE d\ (8)

-l -l

where

and !f"l is the Jacobian of the stiffener, which is one-half

of its actual length within an element.

The overall elastic.stiffness matrix, geometric stiffness

matrix and mass matrix are generated from the assembly

of those element matrices and stored in a single array

where the variable bandwidth profile storage scheme is

used. The solution of eigenvalues is performed by the

simultaneous iteration technique proposed by Corr and

Jennings [15].

Numerical Result and Discussion

The problem considered here consists ofa rectangular

plate (a x b) with stiffeners having a rectangular cutout of
size {g x d) at the center as shown in Fig' I ' The plate with

stiffener subjected to in-plane uniform edge loading at the

plate boundary and stiffener cross-section are shown in

Fig.2. All the boundaries of the plates are simply sup-

ported unless otherwise stated. In the discussion that fol-
lows, S, C denote simply supported, clampedrespectively.
The notation SCSC identifies a plate with the edges: x: 0,

x : a, y : 0, y : b. For comparison problems, the boundary

conditions are considered as reported in the respective

studies.

The non-dimensionalisation of different parameters

are taken as given:

Natural frequency parameter (ro) = to b2'[pilD, exci-

tation frequency parameter (Q = O b2 '[p I Ol where D is

the plate flexural rigidity, p is the density of the plate

material and / is the plate thickness. The dynamic instabil-

ity regions are plotted for rectangular stiffened plates with

-a#l

T
o

I
Stiffenbd opening

Fig. I Rectangular plate with slffined opening
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lBPl=llBPlt IBPI| lBl' tBtr] (e)

IBGPI=IIBGP]' [Bor], lBorl' lnorlnf

(10)

The elastic stiffness matrix ffi], geometric stiffness

matrix [K6"] and mass matrix lMol of a stiffener element

placed anywherewithin aplate element andoriented in the

direction of x may be expressed, in a manner similar to

those of the plate element as follows:

+l

tKJ=J [Bs]r [Ds] lBsl Vd dE,

Korl =l tuoJt [or1 [BorJ VJ de,

-l
+l

lMsl=J tnnt tnrJ tNl Vd de,

-l

b

I

I
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cutouts subjected to in-plane uni-axial uniform edge load-
ing along stiffener direction as shown in (Fig.2) to con-
sider the effect ofstatic load factor, aspect ratio, boundary
condition, effect of cutouts etc on dynamic instability
regions. The results are presented in graphical form where
the instability region is shown by the upper and lower
values of excitation frequency parameter

(O = O b2 tfp ilO1.In all these cases, the frequency pa-

rameter is plotted against dynamic load factor (p) for
different values of the parameters as mentioned above.

Here C) and ol are non-dimensionlized terms. which is
used as dynamic excitation frequencyparameter and natu-

ral frequency parameter respectively. The terms O and ro
are excitation frequency and natural frequency in radls.

In order to validate the results. linear fundamental
frequencies obtained in the study can be compared with
those available in the literature. Table-l contains non-di-
mensionlized natural frequency of a simply supported
square plate with a squzue cutout for various values of
plate side to cutout side ratio. The poison's ratio is taken

as (v:0.3).
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pared with Mundkur et at. [7) given in bracket in the
Table-1.

Dynamic Stability Studies of Stiffened Plate

The dynamic instability studies are made for rectan-
gular stiffened plate with central square cutout, subjected
to uniform compressive edge loading throughout the in-
vestigation. The cross - section of the stiflened plate is
as : a:600mm, b:600mm, t: lmm, br: l2.7mmand
d,":22.2rnm.

Effect of Static Component of Load on the Dynamic
Stability of Stiffened Plates

The effect of the static component of load (a:0.2,0.4,
0.5, 0.6) on the instability region is shown in Fig.3. The
study is done for cutout ratio g/a: 0.4.It is observed that
due to an increase in the static component, instability
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Fig. 3 Elfect of static loadfactor on dynamic stability region

for stiffened square plate with cutout having one central
stifener subjected to uniform edge loading. g/a:0.4
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Table-l : Numerical Frequencv Coefficient of Simnlv Sunoorted Plate

Natural frequency parameter (ot)

Mode Cut out ratio (s./a\

0 0.1 02 0.3 0.5 0.8

19.73s
(r9.7392)

19.86

19.87)
20.19

(20.r93\
20.87

(20.6883)
23.45

(24.243\
58.91

(58.3s8

2 49.22
(49,348)

49.35
(49.3ss)

49.492
@9.416\

49,514
G9.512\

48.40
(49.409)

73.83
06.012\

3 49.22

G9.348\
49.35

@9.3ss\
49.492

/49.4t6\
49.514

(49.sr2',)
48.40

G8.409
73.83

(76.0r2\

4 78.83
(78.956)

78.t45
(78.427\

78.04
(77.1s2\

77.t2
(76.0s2\

73.67
(76.58)

t21,92
126J1\
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regions tend to shift to lower frequencies and become
wider. All further studies were made with a static load
factor of 0.2 (unless otherwise mentioned).

Effect of Boundary Conditions on the Dynamic Sta-
bility of Stiffened Plates

The effect of boundary conditions on the instability
region is shown in Fig. 4. The study is done for cutout ratio
g/a:0.4. From Fig.4 it is seen that the onset of instability
occurs later with narow zones of instability and with the
addition ofrestraint at the edges. So for the same aspect

ratio, the excitation frequency of stiffened plate with all
edges clamped will be more than the other boundary
conditions.

Dynamtc toad factor (p)

Fig. 4 Effect ofboundary condition on dynamic stability re-
gionfor stiffened square plale with cutout having one central

stffiner subjected to uniform edge loading. a:0.2, g/a:0.4

fl,D *.1 $,+ O.B e{
trrftf,n*Effid fEtrtor{lt}

Fig. 5 Elfect of cutoul size (g/a) on instability region for sim-

ply supported sti/fened square plate with culout having one

central stifener subjected to uniftrm edge loading. u:0.2
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Effect of Cutout Size G/a) on the dynamic Stability
of Stiffened Isotropic Plates

The effect of cutout size (g/a: 0.2,0.4,0.6,0.8.) on
the instability region of simply supported stiffened plate
is studied in Fig.5. It can be observed that the onset of
instability occurs with lower excitation frequencies for
small cutout. With increase of cutout size, the onset of
excitation frequencies increases along with wider dy-
namic instability regions.

Conclusion

The results from a study of the instability behavior of
isotropic stiffened plates subjected to uniform periodic
in-plane compressive loading can be summarized as fol-
lows:

The dynamic stability characteristics of stiffenedplats
with cutout is significantly affected by static components
of load. The dynamic instability behaviour of stiffened
plates with cutout is more pronounced in comparison to
the unstiffened plates.

Due to static components, the instability regitins tend
to shift to lower frequencies, showing a destabilizing
eflect on the dynamic stability behavior of the stiffened
plate with cutout.

The onset of instability occurs later with narrow zones

of instability with addition of restraint at the edges for
stiffened plates with cutouts.

The onset of instability occurs with lower excitation
frequencies for small cutout. With increase of cutout size,
the onset ofexcitation frequency increases along higher
frequency axis with wider instability region.

l
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